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PREFACE. 

This work contains elementary proofs of the principal 
properties of Conic Sections, together with Chapters on 
Projection and Anharmonic Batio. The term Conic, else- 
where frequently employed as an ahbreviation, is here 
formally adopted, with reference to the fact that it is no 
longer usual to define the curves in question as sections 
of a surface. The term Conic Section is introduced in 
Chapter XI. 

In Chapter II., some fundamental propositions are proved 
by methods applicable to all Conies, a Conic being con- 
sidered as the locus of a point whose distance from a 
fixed point bears a constant ratio to its perpendicukr dis- 
tance from a fixed straight line. The propositions of this 
Chapter have been selected as either important in them- 
selves or useful in their application. To the latter class 
belong Props. Vii., viii. which are useful in proving the 
Anharmonic Properties of Conies. Prop, xii., in which 
the fundamental property of diameters is established, leads 
to important simplifications. Prop, xill., which follows 
immediately from it, has been applied to prove that, in 
the ellipse, OF. (77= OP", (p. 81). The Lemma is shown, 
in the Appendix, to be closely connected with some im- 
portant properties of central Conies. 



VI PREFACE. 

It is also shown that Props, ix., x. are geometrically 
equivalent to the ordinary polar equation of a Conic; whilst 
Props. III., IV. lead to those of the tangent and chord re- 
spectively. The first of these results was pointed out by 
Professor Adams, to whom I am indebted for notes that 
have formed the basis of several proofs in the Chapter now 
under consideration. The above propositions are also useful 
in establishing theorems not usually proved by elementary 
geometrical processes (see Ex. 25, p. 22), whilst the inter- 
pretation of results is a manifest advantage to the student 
on his first introduction to analytical methods. 

The proposition QV* = 4:SP.FVy in the parabola, has 
been proved by assuming that FV^^PT^ and that the ex- 
ternal angle between any two tangents is equal to that 
which either of them subtends at the focus; the latter 
being perhaps one of the most obvious deductions fix>m the 
fundamental properties of tangents. Another proof has 
been given (p. 171), which depends upon the definition 
only. 

Prop. II., Chapter lY., viz. that the sum of the focal 
distances of a point on the ellipse Is constant, has been 
proved without assuming the no •less difficult proposition 
that every ellipse has two directrices. The Lemma bein^ 
assumed, these results follow as in Chapter II. It is 
proved conversely, in the Appendix, that an ellipse, de- 
fined by the constant sum of its focal distances, may be 
generated in two ways by means of a focus and directrix. 
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Prop. XIII., Chapter TV., Is new, whilst Prop. vii. 
has been introdoced as an important result admitting of 
a simple geometrical proof. 

Prop. II., in the second Chapter npon the hjrperbola. Is 
also new, and has been applied to prove, amongst other 
theorems, that the portion of any tangent intercepted be- 
tween the asymptotes is bisected at the point of contact. 

I have in general made it an object to prove analogous 
iproperties by similar methods, the tendency of this arrange- 
ment being to diminish the labour of the student. Com- 
pare Props. XV., XVI., Chapter IV.; Props, xiii., xiv., 
Chapter VI. 

In the Chapter on Corresponding Points, the results of 
Orthogonal Projection are obtained by a method not In- 
volving solid geometry. The connection between these 
methods is shown at the end of Chapter XV. 

In Chapter XIII., the fundamental Anharmonic Pro- 
perties of Conies are proved by general methods which 
were first exhibited, in the Quarterly Journal of Pure 
and Applied Mathematical by Mr. B. W. Home, Fellow 
of St. John's College. 

The principal properties of Poles and Polars are proved, 
in Chapter XIV., by methods applicable to all Conies, 
They are also proved for the parabola In Chapter III., 
and for central Conies In Chapter V. 

In the last Chapter, the method of Conical Projection 
has been explained and illustrated with the help of figures. 
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Viu PREFACE, 

The treatment of the subject is elementary and geome^ 
trical, no allusion being made to the analytical conception 
of imaginary points. 

The definitions are in a majority of instances placed at 
the beginnings of the various Chapters; some of the most 
general are given at the commencement of the work, whilst 
another class, in which especial explanation is required, 
may be found by referring to the Table of Contents. 

In references, the number of the page has usually been 
given, except when the proposition referred to occurs in 
the same Chapter as the reference. 

The sjnnbol of equality has been used in stating pro- 
portions, as well adapted to express that equality or simi- 
larity of ratios by which proportion is defined, and as 
superior in distinctn^ess to the symbol (::) more commonly 
employed. The term eccentricity has been defined, and 
used as a convenient abbreviation throughout the work. 

Cambiidge, November ^ 1863. 
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DEFINITIONS. 

A CONIC is the curve traced out by a point which moves 
in such a way that its distance from a fixed point, called 
the Focus^ bears always the same ratio to its perpendicular 
distance from a fixed straight line, called the Directrix* 

Note. Let 8 be the focus/ ifX the directrix, P and P 
any two points on a given conic. 
Draw 8X, PM, \PM' perpendi- 
cular to the directrix, and through 
P, P draw any two parallel 
straight lines meeting the direc- 
trix in 5, E. Then by similar 
triangles PMB, PM'P, 

PMiPB^PM'iPE. 
But 8P : PM= 8P' : PM, [Def. 

Therefore 8P : PB^ 8P : Pff. [Euc. v., 22. 

Now P may be any point on the conic, but, whatever be 
the position of P, the ratio 8P : PE is always equal to 
the ratio 8P : PR. Hence a conic might have been defined 
as the curve traced out by a point which moves in such a 
way that its distance from the focus bears always the same 
ratio to its distance from the directrix, measured parallel 
Ito any faced straight line which meets the directrix. The 

B 




2 DEFINITIONS. 

ordiaaiy definition results from supposing this straight line 
perpendicular to the directrix. 

The Eccentricity of a conic is the ratio which the distance 
<»m 4. fee™, .fly point <„ 4e »r,e, be» to if p«r«. 
dicular distance from the directrix. 

A conic is called a Parahola^ EUipae^ or Hyperbola^ accord- 
ing as its eccentricity is equal to, less or greater than unity. 

The Axis is a straight line drawn from the focus perpen- 
dicular to the directrix, and the point in which it intersects 
the conic is called the Vertex. 

The straight line joining any two points on a conic is said 
to be a Chord of the conic. 

The Lotus Bectum is the chord drawn through the focus 
at right angles to the axis. 

Let P, Q be adjacent points on a conic, as in Prop, i., 
p. 6, and let Q move along the curve towards P, whilst P 
remains stationary. Then the chord PQ, in its limiting posi* 
tion, when Q coincides with P, becomes the Tanffent at P. 

The Normal at any point of the curve is the straight line 
drawn through that point at right angles to the tangent. 

The perpendicular upon the axis from any point of the 
curve is said to be the Ordinate of the point. 

The portion of the axis intercepted between the tangent 
and ordinate at any point on the curve is called the SuIh 
tangent. 

The portion of the axis intercepted between the normal 
and ordinate at any point on the curve is called the i9u&- 
normaL 
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CHAPTER I. 



TRACING THE CURVE. 

1. Wh&n ike focus^ directrix^ and eccentricitjf of a conic are 
given^ any number ofpoinU on the curve may he determine. 

For, let 8 be the focus, MM' the directrix. 

Draw 8X meeting the directrix at right angles in -ST, and 
in 8X take a point A such 
that the ratio of 8A to 
AX may be equal to the 
eccentricity. Then A is 
the vertex of the curve. 

In A8^ or A8 produced, 
take any point j^, and with 
centre 8^ radius 8P^ such 
that 

aPiNX:=^8AiAX 

describe a circle cutting in 
P, P, the straight line 
drawn through N parallel to the directrix. 

Let PM^ FM be the perpendiculars from P, P on the 
directrix. Then PM is equal to NX. 

Therefore 8P : PM=^ 8A : AX, 

or P is a point on the curve. 

Simikrly 8F : FM'=8A : AX, 

or P is a point on the curve. 

Thus any number of points on the curve may be deter- 
nuned corresponding to the various positions of N. 

b2 
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2. The axis divides the curve into ttoo equal and similar 
parts. For, corresponding to any point P at a perpendicalar 
distance PN from the axis, there is a point P on the other 
side of the axis and at an equal distance FN from it. 

3. If the point N be taken so as to coincide with A^ then 
8P becomes equal to 8N and the points P, P coincide. In 
this case the chord PP is a tangent to the conic. Hence 
the tangent at the vertex is perpendicular to the axis. 

4. If the position of N be such that 8P is less than 8Nj 
the straight line and circle, in the above construction, will 
not intersect. For such positions oi Nno points on the curve 
can be determined. 

Let the curve be a parabola and let -W lie to the right 
of A. Then /8P, or NX^ is greater than 8N^ and the con- 
struction is possible. Similarly, the cases of the ellipse and 
hyperbola may be discussed. 

5. Again, let PM be the perpendicular on the direc- 
trix from any point P 
on the curve, and at 
the point 8 in 8M 
make the angle M8R 
equal to M8P. Then 
the angle P8R is bi- 
sected by 8M^ and 
if R8, MP meet 
in C, 

8Q: 8P = QM:PM. 

Altemando 8Q : QM= 8P : PJIf, 

or Q is a point on the curve. [-Oe/I 

Now the angle M8P is greater or less than 8MP^ accord- 
ing as 8P is less or greater than PM (Euc. I., 18). Hence 




[Euc. VI., A. 3. 



TRACING THE CURVE. 5 

MSB is greater or less than SMP^ or than the alternate 
angle M8Xj according as the eccentricity is less or greater 
than iinitj. 

In the former case the straight line B8 falls without the 
angle M8Xj and the points Bj Q lie on the same side of the 
directrix. Hence the curve consists of one oval branch as in 
the figure. When the eccentricity is greater than unity, the 
straight line B8 falls within the angle M8Xj and Pj Q lie 
on opposite sides of the directrix. In this case the curve 
hail two infinite branches with their convexities opposed. 
Compare the figures in the chapters upon the hyperbola. 

If the eccentricity be equal to unity, the angles M8Bj 
M8X will be equal. Hence B8 coinciding with the axis 
will not meet MP^ or a straight line MP^ drawn parallel to 
the axis of a parabola, meets the curve in one point only. 
Hence the parabola consists of one infinite branch. 

6. Let MP be any straight line which meets the directrix 
in M and the curve in P. Make the angle M8B equal to 
M8P and let B8^ MP intersect m Q. 

Then 8Q : QM^ 8P : PM as above. 

Hence Q is a point on the curve. \P^f*^ Note. 

It follows that a straight line, which meets a conic, will, 
in general, meet it in two points. Conversely, it may be 
shown that no straight line can meet a conic in more points 
than two. 

From this property conies are termed curves of the second 
order. 
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CHAPTER IL 



C0NIC8. 

Pbop, L The tangent to a conic^ measured from the point 
of contact to the directrix^ subtends a right angU at the 
focus. 

Let PQB be a straight Ime which meets the curve in 
P, Q^ and the directrix in jB. 
Produce P8 to 0. 

Then, since P, Q are points 
on the same conic, 

8P:FB=^SQ:QB. [Def.,Note. 

Hence SB bisects the angle QSO 
(Euc. VI., A), or Q8B is half the 
sum of the angles Q8B^ 08B. 

Let the point Q move up to P. 
Then the chord PQ in its limiting 
position, when Q coincides with 
P, is the tangent at P. But, when Q coincides with P, the 
angles Q8Bj 08B are together equal to two right angles 
(Euc. I., 14). Therefore Q8B^ being half their sum, ia 
a right angle, and it is equal to P/Sfi, since Q coincides 
with P. 

Hence the tangent PB subtends a right angle at 8. 

Cob. To draw the tangent at a given point P on the 
curve. Let 8B^ drawn at right angles to /SP, m^et the 
directri;;: in JS. Then PB is the tangent at P. 
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Prop. II. Tangents at the extrerntties of a focal chord inr 
tersect upon the directrixy and the straight line joining their 
point of intersection to the focus is at right angles to the chord. 

Let 08P be any focal chord, 8B a straight line at right 
angles to it, which meets the directrix in £; join £, P. 

Then BP is the tangent at P. [Prop, i., Cor. 

Similarly, BO is the tangent at 0. 

Hence the tangents at P, 0, the extremities of a focal 
chord meet in a point B which lies upon the divectrix, and 
the stnught line B8 is at right angles to OP. 

Prop. III. From any point T on the tangent at P, JX, TN 
are dravm meeting SP and the directrix at right angles in 
2/, N. To prom that 

SL:TN^8A:AX. 

Let M be the foot of the perpendicular from P on the 




directrix, B the point in which the tangent at P meets the 
directrix. 

Then TL is parallel to B8. [Prop. i. 

Therefore 8L : fiP= BTiBP [Euc. vi., 2. 

^TN\PM, 
by similar triangles BTN^ BPM. 

Altemando 8L : TN:=^8P; PM 

^8A\AX. 
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Cob. Conversely, if Ti, TN be perpendicolars, from any 
point T^ on 8P and the directrix, and if 

SLiTN^SAiAX, 

then TP will be the tangent at P. 

Note. If PSB be a right angle, then, without assonung 
that PR touches the curve, we obtain, as above, 

8LiTN^8AiAX. 

But the hypotenuse 8T is greater than 8L. Hence, if T be 
taken anjrwhere on TB or TR produced, the ratio 8T : TN 
will be greater than 8A : AX^ except when L coincides with 
P. It follows that all points on PR^ with the exception of P, 
lie on the convex side of the curve (Ex. 1, p. 19). Hence 
PR is the tangent at P. 

Pbop. IV. If from any point Tofa cJiord^ which m^set$ the 
curve in P and the directrix in R^ a straight line be dratoti 
parallel to R8 and meeting SP in L^ then 

8LiTN^8AxAX, 

where TN is the perpendicular from Ton the directrix. 

Draw PM perpendicular to the directrix and meeting it 

in M. Then 

8L : 8P^ TR : PR [Euc. vi., 2. 

= TN:PMj 

by similar triangles RTNj RPM. 

Altemando 8L : TN=^ 8P : PM 

= 8A : AX. 

Peop. V. To draw tangents to a conic from an external 
point T. 

Let N be the foot of the perpendicular from T on the 
directrix : with centre /8, radius SX, such that 

8LxTN^8A\AX 
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deacfibe a circle. Draw TL touching the circle, and let 8L 




meet the conic in P. Then, 8LT being a right angle, TP 
tenches the conic. [Prop, in.. Cor. 

Similarly, if TM be the other tangent from T to the 
circle, and 8M meet the conic in Q, then TQ will be the 
tangent at Q. 

Peop. VI. The tangents at P, Q intersect in T. To prove 
that TPj TQ stibtend equal angles at 8. 

Let TLy TM^ TN be the perpendiculars from T on 
iSP, 8Q^ and the directrix. 

Then 8L:TN=^8A:AX 

since 2^ lies on the tangent at P. 

So . 8M:TN=^8A:AX 

since Tlies on the tangent at Q. 

Hence, in the right-angled triangles 8LTf 8MT^ the sides 
8L^ 8M are equal. But the hypotenuse 8T is common. 
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Therefore the angles T8L^ T8M are equal, or 7!P, TQ sab- 
tend equal angles at 8. 

Note. If the points of contact P, Q lie on oppoedte 
brandies of a hyperbola, so that SL produced backwards 




passes through P, then T8L is the supplement of the angle 
which TP subtends at 8. In this case the tangents TP, TQ 
subtend mipplemerUary angles at 8. 

Pbop. VU. The chorda PBj QB meet the directrix in p^ qy 

and the tangents cU P^ Q meet the tangent <U B in p'^ q\ To 

prove that 

/.p8i^iP8Q^p'8q'. 

Since P, £ are points on the same coniC| 

8P:Pp^ 8B : Bp. [Def.^ Note. 
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Therefore 8p bisecta the angle between P8 prodaced and 

B8^ or 

Lp8B = \ Bupplement of B8P. 

Similarly L q8B = ^ supplement of B8Q. 

By subtraction jLjp8q = iP8Q. 

Again, p'Bj p'P subtend equal angles at 8. [Prop. Yl. 
Therefore Ap'8B = ^P8B. 

Sunilarly Aq'8B^^Q8B. 

By subtraction Ap'8q' = ^P8Q —p8q from above. 

Pbop. Vlll. ITte chord of contact of tangmta ihrough T 
meets the directrix in B. To prove that T8B is a right 
angle. 

Since P, Qj the points of contact, lie on the same conic, 

BP:PB=8Q: QB. [Def.j Note. 




Therefore 8B bisects the angle between P8 produced and 

Q8j or 

L Q8B = i supplement of P8Q. 

Also L Q8T^ \P8Q. [Prop. vi. 

By addition Z T8B = a right angle. 

Cob. If a chord PQ^ being produced, pass through a 
fixed point B on the directrix, the tangents at P, Q will 
meet on the fixed straight line 8T^ drawn at right angles 
to B8. 
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Peop. IX. To prove that 8GPj 8PM are simitar tri- 
angles^ and that 

80 : 8P= 8A : AX, 

PQ being normal cU Pj and PM j[)erpendicular to the directrix. 
Let the tangent at P meet the directrix in R. Then 
the circle described on PR as 
diameter passes through 8, 
since P8R is a right angle ; 
and also through M, where 
PM\a the perpendicular from 
P on the directrix. But PO, 
being at right angles to PR, 
touches the circle (Euc. ill., 
16, Cor.). Therefore 

l8PG^8MP. 

.Also LPSG^SPMy 

since 80, MP are parallel. 

Hence the triangles 8P0\ 8MP are similar, and 

80 : fiP= 8P : PM 

= 8A : AX. 

Pbop. X. If OK he the perpendicular upon 8P from ^ 
foot of the normal at P, then PK toill be equal to half the 
lotus rectum. 

Let PN meet the axis at right angles in N. Then the 




[Euc III., 32. 
[Euc. I., 29. 
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right-angled triangles 8KG^ 8NP have the angle at 8 
common and are similar. 



Therefore 



[Prop. IX. 



Altemando 
also 

Therefore 
But 



8K:8N^80:8P 
= 8A : AX. 
8K:8A^8N:AX, 
8F: 8A = NX:AX. [i)e/. and altemando. 
PK: 8A==8X: AX. [Euc. v., 24, Cor. 1. 
8E: 8A=: 8X : AX^ [2)e/ and altemando, 
where 8E is the ordinate through 8. ' 

Therefore PK=^ 8E^ J latus rectum. 

Prop. XI. If PQ he any focal chord^ then 

28P.8Q=^8E.PQj 

8E being half the lotus rectum. 

Let the normab at P, Q meet the a^is in the points G^ F^ 

P. 




and let K^ M be the feet of the perpendiculars drawn from 
those points to PQ. Then FM is parallel to OK. 

Therefore 8K: 8a = 8M: 8F. [Euc. vi., 2. 

Also 8G: 8P=8A:AX [Prop. ix. 

==8F: 8Q similarly. 



/ 



u 



G0NIC8. 



Therefore 
or 
Bat 
Similarly 



[Eac. y., 22. 



[Prop. X. 



SK: 8P^8M:8Q, 
BK.BQ^BM.BP. 
BK= BP-PK^ BP-- BE 
BM^QM^ BQ^BE^BQ. 
Therefore (flfP- BE) BQ^[BE^ BQ) BPtrom above, 
or 2BP. BQ = BE{BP+ BQ) = BE.PQ. 

Lemma. ^ S he the vertex of a triangle, O the middle point of the 
hate PQ, and JR a point in the base, such that SP : Pit » SQ : QE, then 

OYxOB^SP^iPJff, 

T being the foot of the perpendicular from 8 upon PQ, 

On SQ as diameter describe a circle, and let it cut SM in M. This 
drde passes through Y, since 8YQ is a right angle. 




First, let J2 lie in PQ produced. Take any point T in P8 produced. 
Then 8E bisects the angle Q8T. [Euc. vi., A. 

Therefore I R8T = R8Q «= 8MC, [Euc. i., 5. 

where Cis the centre of the circle. 

Hence MC is parallel to SP, and since it bbects 8Q it also passes 
through O, the middle point of PQ. [Euc. vi., 2, 

Let MO meet the circle in N. 

Then the angle C8M is equal to CMS (Euc. I., 5), or to CQiV, in 
the same segment. Hence QN, R8 are paralleL 

But ON.OM^OQ.OY. [Euc. m, 6, Cor. 

Hence OYi OM^ ON : OQ 

« OM : OR. [Euc. Tl., 2. 
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Therefore 



OTxOR^ OM* : OJP [Euc. VI., 20, Cor. 2. 
B iST* : PJS* by Bimilar triangles. 
The proof is similar when JR lies between P and Q. 

Prop. XII. The middle points of all parallel chorda lie on 
a straight line^ called a DiAMETEfi. 

Let be the middle point of a chord PQ^ which meets 




A S 



the directrix in JR. Draw 8Y, meeting the chord at right 
angles in Tj and let V be the point in which 8Y meets the 
directrix. 

Then 8P:PR=8Q: QR. [Def.j Note. 

Therefore 0Y:0B=8P': PIS'. [Lemma, 

Let any chord parallel to PQ meet 8T and the directrix 
in F, B. Let 0' be its middle pomt. Then, smce 8P : PR 
is a constant ratio for all parallel chords {Def.j Note) ; there- 
fore OY: OR is a constant ratio. 

Hence OY:OR = 0'T : aR. 

Therefore 0' lies on the straight line VOj or the middle 
points of all chords parallel to PQ lie on the fixed straight 
Kne VO. 

Cob. 1. Let PQ move parallel to itself until its middle 
point lies on the curve. Then OPj OQj being always equal, 
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vanish together, and the chord becomes a tangent. Hence 
the tangent at a point in which any diameter VO meets the 
curve is parallel to the chords which that diameter bisects. 

Cob. 2. The following is a construction for the diameter 
bisecting a given chord. Join the middle point of the chord 
to the point in which the focal perpendicular upon the chord 
meets the directrix. 

Note. If the tangent at o be parallel to PQ, and meet SY 
in y and the directrix in r, it follows from the above propo- 
sition that oy I or ^80* I 0^. Hence oy : 08=^08 : or and 
o8r is a right angle as was proved independently in Prop. I. 

Prop. XIII. Tangents at the extremities of any chord in^ 
tersect on the diameter which bisects the chord. 

Let Oy be the middle points of a given chord PQ and 
any adjacent chord pq parallel to 
PQ. Then Oo is the diameter 
bisecting PQ. [Prop. xii. 

Let Pp meet Oo in T. Then, 
since PQ^pq are bisected in 0, 0; 
therefore 

OQioq^OPiop 
^OTxoTy 

by similar triangles. 

Therefore TjO is a straight line, and, if the chord pq 
move paraUel to itself up to PQ^ the chords TP, TQ will 
become tangents at P, Q. Also T lies on the diameter which 
bisects PQ. 

Conversely, if the tangents at P, Q intersect in T, the 
diameter through T bisects PQ. 

Students reading this subject for the first time are recom- 
mended to omit the next two propositions. The results there 
obtained are investigated independently in subsequent articles. 
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Prop. XIV. The middle points of all chorda parallel to the 
aans of a conic^ which is not a parabola^ lie on a straight line 
perpendicular to the aans. 

Let be the middle point of a chord PQj which b parallel 



X AS 



Kg. 1. 




HAW 



Hg. 2.. 




to the axis and meets the directrix in M. Draw 8Y perpen- 
dicular to PQj and therefore parallel to the directrix. Then, 
in the triangle P8Qj 

8P : PM= 8Q : QM. [Def 

Therefore Y : Jf = 8^ : P3P. [L^mma. 

Or the ratio OY: OM is constant for all chords parallel to 
the axis. Hence OYx YM i& constant; but MY is always 
equal to 8X\ hence OF is constant, and lies on a fixed 
straight line perpendicular to the axis. 

Note» Let this fixed straight line meet the axis in (7; 
then, corresponding to any point Q^ on the curve, ?it a per- 
pendicular distance QO from (70, there is another point 
situated upon the opposite side of GO and at an equal dis- 
tance PO from it. Hence CO divides the curve into two 
equal and similar parts. So too does the axis. [§ ii., p. 4. 

Hence, from the symmetry of the curve it is evident that : 
I. Any chord drawn through C is bisected at that point, 
and hence that all diameters pass through 0, a diameter being 
defibied as the straight line which bisects a system of parallel 
chords. 



18 CONICS. 

The point C is termed the centre^ and conies which have a 
centre are called central conies. 

n« Tangents drawn to a central conic firom a point on 
either of the axes GXy 00^ are equal and equally inclined to 
either axis. Conyersely, tangents equally inclined to either 
axis meet upon one of the axes and are equal. 

III. Equal diameters are equally inclined to either axis, 
and conversely. 

rV. In the axis take CHj CW equal respectively to 08^ 
CXj and draw WN at right angles to GW. Then JJP= 8Q 
and FN^ QMy where FN is perpendicular to NW. 

Hence HF : FN^ 8Q : QM 

^8A\AX. 

Or every central conic can be generated by means of a second 
focus [H) and directrix [WN). 

V. All theorems which have been proved for one focus 
and directrix are true for the other. Thus, if RFr be the 
tangent at F (fig. 1), meeting the directrix WN in JS, then, 
since it has been proved that -R*, produced to meet XM^ sub- 
tends a right angle at 5, it follows that FR subtends a right 
angle at H. 

Again, FHR being a right angle, a circle goes round 
FHBNy and the angles HFBj ENW^ in the same segment, 
are equal. This theorem, being true for one focus and direc- 
trix, is true for the other. Hence, the angles 8Fr^ 8MX are 
equal ; which proves at ome^ since the triangles 8MX^ HNW 
are equal in all respects, that the angles /8ZV, EFR are equal, 
or the tangent at F makes equal angles with F8j PfiT. 

So, in the hyperbola, the tangent at F bisects the angle 
8FH. [fig. 2. 

In the ellipse, the tangent at the point B^ in which CO 
meets the curve, is parallel to the chords which CO bisects, 
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and therefore to the axis. In the hyperbola, CO does not 
meet the curve. 

Prop. XV. In a central conic the sum or difference of the 
focal distances of any point P is constant. 

For, 8P : PJf = SA : AX, in figs., Prop. xiv. 

Altemando 8P\ 8A=PM: AX. 

Similarly HP; 8A = PN: AX. \§ IV., p. 18. 

Therefore 8P+ HP : 8A = MP+ PN : AX [Euc. v., 24. 

= MN :AX, [fig. 1, 

and EP''8P: 8A== JVP- PM : AX [Euc. v., 24, Cor. 

= MN :AX. [fig. 2. 

In the first case SP+PHy in the second 8P^ PH, is constant. 

Several properties 'of central conies may now be proved, 
as in the Appendix, by means of the construction used in 
the Lemma. 



EXAMPLES. 

1. Any point, whose distance from the focus of a given 
conic bears to its perpendicular distance £rom the directrix 
a ratio greater than the eccentricity, lies on the convex side 
of the curve. 

2. The ordinate NP meets a conic in P, and the tan- 
gent at an extremity of the latus rectum in Q. Prove that 
8P^ QK 

3. Given the focus of a conic, the length of the latus 
rectum, a tangent, and its point of contact; show how to 
construct the curve. 

C2 
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4. A focal chord P8Q of a conic section is produced ta 
meet the directrix in Z, and JOf, KN are drawn through the 
feet of the ordinates PJf, QN. If KN produced meet FM 
produced in -B, prove that FB = FM. 

5. Straight lines drawn through the extremities of a focal, 
chord pass through the vertex and intersect the directrix in 
Mj N. Prove that MN subtends a right angle at the focus. 

6. The opposite sides of a quadrilateral, described upon 
any two focal chords as diagonals, intersect on the directrix. 

7. If the focus of a conic and two points on the curve be 
given, the directrix will pass through a fixed point. 

8. Two points on a conic being given, and also the angle 
which the straight line joining them subtends at the focus ; 
prove that the straight line drawn from the focus to the 
point of intersection of the tangents at the given points 
passes through a fixed point. 

9. Given the directrix of a conic and two points on the 
curve ; the locus of the focus is a circle. 

10. Given the focus of a conic inscribed in a triangle; 
determine the points of contact. 

11. The tangents at P, Q intersect in JB. Prove that if 
PE be parallel to SQ^ then SP^PR. 

12. Tangents at the extremities of a focal chord meet the 
tangents parallel to the chord in the points jB,' jB'. J£ 8Y be 
the focal perpendicular on BB'j then 8Y*=YB.YE. 

13. The portion of the directrix intercepted by any two 
chords, and the straight line joining the points in which pairs 
of tangents at the extremities of those chords intersect, sub- 
tend equal angles at the focus. 

14. Pairs of tangents intercept on a fixed tangent ^ 
straight line which subtends a right angle at the focus; 
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Determine the locus of the point in which the variable tan- 
gents intersect. 

15. If PG be the normal at P to a conic, the ordinate of 
P varies as the perpendicular from O upon 8P. 

16. P8Q Is any focal chord of a conic; the normals at 
P and Q intersect in -K", and KN is drawn perpendicular to 
PQ ; prove that PN is equal to 8Q. 

17. If the tangents and normals at P, Q intersect in 
T^ N respectively, then 

PNiQN^PTiQT. 

18. If 8Y be the focal perpendicular on the tangent, and 
a the foot of the normal at P; prove that P0.8Y= 8P. 8E^ 
where 8E is the semi-latus rectum. 

19. A circle has its centre on the axis of a conic which it 
touches. Prove that the chord of the circle drawn through 
the focus and either point of contact is of constant length. 

20. If the circle pass through the focus determine the 
focal radii to the points of contact. 

21. If 8E be the semi-latus rectum, Q8Q any focal 
chord, and PQ the normal to which it is perpendicular, then 

P(P^8Q.8g = Q0.8Ey 

being the middle point of the chord. 

For, if 8Yy the focal perpendicular upon the tangent at P, 
meet the directrix in F, and the tangent at P meet the tan- 
gents at Qj Q 'm Bj B'y then 

QO" : SQ.SQ^RP" : YR.YE 

^8P':8Yr [Ex. 11, 12. 

= PGP: 8E\ [Ex.18. 

The required result readily follows by Prop. xi. 
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22. In tlie last example 'j i£ OUj drawn at right angles to 
FOj meet P8 in J7, then PU== QO. 

23. Any two chords of a conic and the diameters which 
bisect them meet the directrix in L^ L'] My M! respectively ; 
show that Lily MM subtend equal angles at the focus. 

24. The directrix of a conic meets in V the diameter 
through an external point T. A point JS is taken in the 
directrix such that TBB is a right angle. From E a straight 
line is drawn perpendicular to BV and meeting the conic in 
P, Q. Prove that TP, TQ are tangents to the conic. 

25. If a diord of a conic subtend a constant angle at the 
focus, the tangents at its extremities will intersect upon a 
conic having the same focus and directrix. 

For, if the angle T8F be given (Prop, vi.), 8T bears a 
constant ratio to BL^ and therefore to 7W. [Prop. in. 

26. If a chord subtend a constant angle at the focus, its 
envelope will be a conic having the same focus and directrix. 

27. If the base of a triangle described about a conic sub- 
tend a constant angle at the focus, its vertex will lie on a 
fixed conic. 

28. If two sides of a triangle be given in position and 
the third subtend a constant angle at a fixed point, its en- 
velope will be a conic touching the other two sides and 
having the fixed point for focus. 

29. If 0, P, Qy B be points on a conic, such that OP, QB 
subtend equal angles at 8^ the chords OP, BQ will intersect 
upon the straight line which bisects the angle P8Q. 

30. If OP, PQy QB subtend constant angles at 8j the 
angles 0/SP, QBB being equal, then OP^ BQ intersect upon 
a fixed conic. 

31. In the parabola all diameters are parallel to the axis. 
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32. 8Yj the focal perpendicular upon the tangent at P 
to a conic, meets the directrix in F, and O is the foot of the 
normal at G, Prove that 

PG : 8Y=^ 8V : VY. 

This result may be deduced from Ex. 21. 

33. If the diameter bisecting a focal chord in meet the 
directrix, the curve, and the axis in F, P, (7, then 

GPiCr^OPiPV. 

34. What do the results of the last two examples become 
in the case of the parabola ? 

35. If iSY be the perpendicular from the focus upon the 
tangent at any point P of a conic, the circle described on 
JSP as diameter touches the locus of Y. 

36. The normal at Fto the locus of F bisects SP. 

37. If a diameter of a conic meet the curve in two points, 
the tangents at those points are parallel. 

38. Oiven a conic ; determine the position of its axis. 

39. Every diameter of a conic bisects the curve. 

40. Parallel diameters of similar and similarly situated 
conies bisect the same systems of parallel chords. 
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CHAPTER III. 



THE PARABOLA. 



Def. A PARABOLA is the curve traoed out by a point 
which moves in such a way that its distance from a fixed 
point, called the Focusj is always equal to its perpendicular 
distance from a fixed straight line, called the Directrix. 

In Prop. XII., p. 15, a Diameter of a conic has been defined 
as the straight line which bisects a system of parallel chords. 

In the parabola all diameters are parallel to the axis 
(Prop. I.), and therefore to one another. 

A diameter of a parabola is sometimes defined as a straight 
line parallel to the axis. In this case it may be shown, 
conversely, that every diameter bisects a system of parajilel 
chords. 

The focal chord parallel to the tangent at any point is 
said to be the Parameter of the diameter passing through 
that point. 

The term ordinate is not confined to straight lines measured 
perpendicular to the axis of the parabola; but, if QF be 
drawn from any point Q on the curve, parallel to the tangent 
at P and meeting the diameter through P in F, then QV la 
said to be the Ordinate of the point Q, with reference to the 
diameter through P. 

Also PV is called the Abscissa of Q. 

Note. The terms ordinate and abscissa usually have re- 
ference to the axis. The context will determine when they 
are to be understood in their more general sense. 
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Several propositions that have been proved generally for 
conies assume simpler forms in the case of the parabola. 
Thus, in Prop, ii., p. 7, since SA^AX^ therefore 8L—TN. 
Similarly ' 80 = 8P. [Prop. IX., p. 12. 

Also PK^ or the semi-latus rectum, is equal to 8X or 
2 8 A. [Prop. X., p. 12. 

Pkop. I. The middle points of all parallel chords lie on 
a straight line parallel to the axis. 

Let a straight line through the focus 8 meet the directrix 







ir. M. Draw any chord Qq perpendicular to M8 and meet- 
'jig it in y. Let QN^ qn be perpendiculars on the directrix. 

Then Jfn" = Mq"" - qn"" [Euc. I., 4T. 

= Mq'--8^. [Bef. 

But Mgl^ is equal to My^+q^^j and 8q^ to 8y'+qy^. [Euc. I., 47, 
By subtraction Mf'-8f=^M^--'8^^Mn\ 

Similarly it may be shown that MIP is equal to Mj^ - 8j^^ 
and therefore to Mr?. 

Hence M is the middle point of Nn. 

Draw MO^ parallel to the axis, to meet QqvaO. 
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Then is the middle point of cmy chord Qq drawn perpen- 
dicular to BM. Therefore MO bisects all chords parallel to Qq. 

Prop. IE, The tangent at P makes equal anglea with 8Fj 
PMj where PM is perperdicular to the directrix. AlsOy if the 
tangent meet the aods in Tj then 

L 8TP^ 8PT. 

Let the tangent at P meet the directrix in B. Then P8R 
is a right angle. [Prop. I., p. 6. 

Also, in the right-angled triangles 
8PB, MPR^ the sides 8Pj PM are 
equal, and PR is common. 

Hence the remaining angles are 
equal, each to each, so that 
l8PR^MPR. 

Hence also the^2«;7p2e?»€ntory angles, 
which RP produced makes with 8Pj 
PM^ are equal. 

Produce PR to meet the axis in T* 

Then 1 8PT=- MPT^ alternate angle 8TP. 

C!0R. The exterior angle P80 (fig., Prop, iii.) is there- 
fore equal to 2fl^rP. [Euc. i., 32* 

Note, Conversely, if the straight line YPR be drawn 
(fig., Prop. I.) making equal angles with jSP, PM^ this straight 
line will be the tangent at P. 

For, if JS be any point on the straight line, then, since 
8P^ PR = MP^ PR^ each to each, and the included angles 
arc equal, by construction ; therefore 8P is equal to Pfi, and 
consequently greater than the perpendicular distance of R 
from the directrix. 

Hence it may be shown that all points on the straight 
line PJS, except P, lie on the convex side of the curve, or 
that PR is the tangent at P. 
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Pbop. III. The external angle between any two tangents is 
equal to the angle which either ofih&m subtends at the focus. 
Let the tangents at P, Q^ intersect in JB, and meet 




the axis in T, Z7, respectively. Take any point in A8 
produced. 

Then L P80 = 28TR [Prop, ii., Cor. 

Similarly JL Q80 = 28UQ. 

By subtraction L PSQ ^2TRU. [Euc. i. 32. 

Hence, the angles P8R^ Q8R being equal (Prop. VI., p. 9), 
either of them is equal to TRU. 



Pbop. IV. The subnormal is equal to 2A8 or half 
lotus rectum. 

Let the tangent and normal at P meet the axis in T, (?, 
respectively. Let PM be perpendicular to the directrix,^ and 
FN the ordinate of P. [fig.. Prop. v. 

Then L 8PT^ 8TR [Prop. ii. 

Hence the complements SPG, 8QP are equal 

Therefore 80= SP^PM'^NX, 

or SN+NG'^SN+BX. . 

Hence NG is equal to /SX, that is, to 28A^ or to the 
ordmate through 8. 
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Pbop. V. The subtangent is equal to twice the abscissa. 
Let the tangent at P meet the axis in 21 




T X A 3 N 

Draw PM perpendicular to the directrix and Xtt PN be 
the ordinate of P. 

Then L BPT^ STP. [Prop. ii. 

Therefore 8T= 8P = PM=^ NX, 

or 8A-]-AT=NA + AX. 

But 8A = AX [Def.y Therefore A r= AN, or iV^r= 2 AN. 

Prop. VI. If PN he the ordinate of P, then 

PN' = 4A8,AN. . 
Draw the normal PG. Then TPO, PNG are right angles. 

Therefore PN" = NG.NT [Euc. vi., 8, Cor. 

= 2 A 8. 2 AN. [Props, iv., V. 

Therefore PN^=-U.8.AN. 

Or thus : since 8 divides AN so that AN + AS = XN, therefore 

SN*^4AS.AN^XN\ [Euc.n.,8. 

Also SN^i- FN' ^SP", [Euc. I., 47. 

and SP" = XN*. [Def. 

Therefore FN* = 4AS.AN. 

Prop. VII. The diameter through any point P, on the 
curve, meets the ordinate of Q in V, and the tangent at Q 
in T To prove that 

PV= PT. 
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Let the tangent at P meet QT ux B. Then BUj drawn 




to the middle point of PQ^ is a diameter (Prop, xiii., p. 16), 
and therefore parallel to TP. 

But the ordmate QV is parallel to PB. [^tf-j P- 24. 

Hence PV : PT= BQiBT [Euc. vi., 2. 

= UQiUP similarly. 

But UQ = J7P, by construction. Therefore PV=^ PT. 

Cob. Since Fr=2Pr, therefore QF=25P 

Prop. YIII. To determine the length of any focal chord P8Q* 
Draw PM^ QN perpendicular to the directrix, and 8B^ 
perpendicular to PQ^ to meet the directrix. [fig., Prop. il. 
Then, since 8P=PM and PB is common to the right- 
angled triangles /8PB, JfPB, therefore 

BM=B8 

= i?-N' similarly. 

Draw BO parallel to the axis and meeting PQ in B* 
Then PO^OQ. 

Hence PM^- QN= 2B 0. 

But 8P=-PMBjii 8Q = QN. [Def. 

Therefore PQ = PJf + Q]Sf=^ 2B 0. 
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Again, i£ BO meet the curve in P', then the circle de- 
scribe with centre P* and radios PB or P'S has BO for a 
diameter^ smce BSO is a right angle. Therefore B0 = 28P. 

Hence PQ = 2fl 0, from above, 

= 4^8^. 

The result of Prop. ix. being assumed, Prop, vm. follows thus : 
Let the tangent at P meet the axis in T. Draw Q£, the focal chord 
parallel to PT, and PV the diameter bisecting it 




Then P r= ST= SP, since the angles SPT, STP are equal. [Prdip. ir. 
, Therefore T* = 4:8P, P V [Prop. ix. 

= ^SP\ 
Hence QM = 2QV=4SP. 

Note. Hence the parameter of the diameter through P is equal 
to4^P. [JV.,p.24. 

Pbop. IX. If QV he the ordinate and PV the abscissa 
of a point Q on. the parabola^ measured along the diameter 
through any point P, then 

Qr'=^4.8P.PV. 

Let the tangents at P, Q intersect in iZ, and let PM^ 
drawn perpendicular to the directrix, meet QB in T. 

Then, in the triangles JI/PB, 8PBj the side MP is equal 
to flP, and PB is common. Also L MPB = 8PB. [Prop. n. 
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Therefore the remaining angles are equal, each to each, 

so that 

L BMP^ B8P== PRT. [Prop. iti. 




Hence the triangles PRT^ PRM^ having the angles PRT^ 
RPT equal to RMP^ RPTj each to each, are similar. 

Therefore PT: PR^PR : PM. 

Hence PjB" = PM.PT^ 8P.PV. [Prop. vii. and Def. 

It follows that OF**, being equal to 4PjB" (Prop, vii.. 
Cor.), is equal to ^8P.PV. 

Pkop. X. The foot of the focal perpendicular upaa the 
tangent at any point lies on the tangent at the vertex. 

From any point P on the cmre (fig.. Prop, i.) draw PM 
perpendicular to the directrix, and let PY meet 8M at right 
angles in Y. 

Theni in the triangles /SPF, MPY^ the side 8P is equal 
to PMj and PY is common. Also the right angles at Y are 
equal. Therefore the remaining sides and angles are equal^ 
each to each. 

Hence 57= ilf F, and z 8PY=^ MPY. 

Now PY is the tangent at P, since it is equally inclined 
to 8Pj PM. 
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Also, since 8Y=^MYsaii 8A = AX^ therefore AYj being 
parallel to MX (Euc. Yi., 2], or perpendicular to the axis, is 
the tangent at the vertex. 

Note. The following proof depends upon Prop. i. only: 

Draw 8M to meet the directrix in Mj and let the diameter 
through Jf meet the curve in P. 

This diameter bisects chords perpendicular to 8M (Prop, i.), 
and therefore passes through the point of contact of the tan- 
gent perpendicular to 8M. 

Hence the tangent PY is perpendicular to 8M (fig., 
Prop. I.). But 8Pj PY=- PM, PF, each to each. [Def. 

Therefore 8Y= MY (Euc. i., 47), as in the first proof, &c 

Peop. XI. If 8Y he the focoJ, perpendicular on the 

tangent at P, then 

8Y*^8A.8P. 

Since Y (fig.. Prop, i.) lies on the tangent at A (Prop, xi,), 

and 

Y8A = alternate angle YMP 

^Y8P, 

in the isosceles triangle P8M'j therefore 8AYy 8PY are 
similar right-angled triangles. 

Therefore 8Yi8A = 8P:8Y, 

or 8Y' ^8A.8P. 

Peop. XII. Tangents drawn from any point on the directrix 
are at right angles to one another. 

The tangent BPj drawn from a point B on the directrix, 
Bubtends a right angle at 8. [Prop. I., p. 6. 

Draw PM perpendicular to the directrix. 

Then, in the right-angled triangled triangles flPJS, IdPBj 
the angles flPB, MPB are equal (Prop. it.). Hence 

a8BP=^MBP. 
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Draw the tangent BQj and let 
QNhe perpendicular to the directrix. 
Then it may be shown, similarly, that 

lSBQ=^NBQ. 

Hence z 8BF = ^SBM, 

and l8BQ = ^8BN. 

By addition 

/.PBQ^^^SBM-^-iSBN 

=s a right angle. [Euc.i.,14. 

Prop. XIII. If a pair of tangents interseot in JS, the angle 
which either of them makes vyith 8B is equal to that which the 
other makes with the axis. 

Let the tangents at P, Q intersect in B and meet the 
axis in r, Z7 respectively. 





Then 


^8BU^B8Q + BQ8. 


[Euc I., 32. 


Also 


lUBT^B8Q. 


[Prop. 111. 


By sabtraction 


l8BP^BQ8 






= 8UB. 


[Prop. II. 


Similarly 


l8BQ = 8TB. 




Cor. Since 


lB8Q = B8P^ 


[Prop. vi.j p. 9, 


and 


l.BQ8= 8BP from above 


« 



the triangles BQ8^ BP8 are similar. 



D 
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Prop. XIV. If a parabola be inscnbed in a ttiamgU^ the 
focus vnll lie on the circle which circumacribea the triangle. 

Let the tangents which form the triangle intersect in 
Pj Qj Bj and let PB meet the axis in T. Let /S^ be the focns. 




Then lSBQ=^ 8TP [Prop. xiii. 

= 8PQ similarly. 
Therefore the circle romid 8PQ passes through B. [Euciii., 2 J . 

Prop. XV. The rectangles contained hy the segments of any 
two intersecting chords are to one another as the parameters of 
^ diameters which bisect the chords. 

Let the diameters through 0, the intersection of any two 
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chords QBy QR^ and through F, the middle point of QB^ 
meet the curve in Jf, P respectively. Draw MU parallel to 
QB and meeting PF in U. Join /SP, 8 being the focus. 

Then QO.OB=^QV'''OV^ [Euc. ii., 6, Cor. 

= 4.8P.PV^ 4.SP.PU [Prop. IX. 

But PV-- PUis equal to Z7For MO. 

Therefore QO.OB = 4/8P. OM. 

Similarly QO.OE ^4.8P.0M, if P be the point in which 
the diameter bisecting QR meets the curve. 

Hence QO.OB x Q O.OB = 4.8P\ 4.8F, 
which proves the proposition. [Note^ p. 30. 

The proof is similar when O lies without the curve. 

Let QR move parallel to itself until it becomes the tangent at P. 

Then OP" : QO.OJSf = ^8P : l-SP'. 

Again, let QfR become the tangent at P'. 

Then 01* : OF^ = ^SF : 481^. 

It is also evident that the ratio of 4i8P to ^8P is the same for any 
pair of chords parallel to QR, QR, and does not depend on the posi- 
tion of O, 

Hence the proposition may be stated in either of the following forms : 

The rectangles contained by the segments of any two intersecting 
chords are to one another (i) as the parameters of the diameters which 
bisect the chords, that is, as the focal chords to which they are parallel ; 
o^ (ii) as the squares of the tangents to which they are parallel ; or (iii) 
as the rectangles contained by the segments of any other two chords 
parallel to the former. 

Pbop. XVI. If a circle intersect a parabola^ the common 
cJiords vnll he equally inclined to the axis of the parabola. 

Let QB^ QB^ common chords of a circle and parabola^ 
intersect in 0. 

Then QO.OB and QO.OB are to one another as the 
focal chords parallel to QB^ QE. [Prop. xv. 

But QO.OB:=- QO.OB' i» the circle. [Euc. in., 35. 

d2 
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Hence, the focal chords parallel to QBj QK are equal, 
and therefore equally inclined to the axis, since the curve is 
symmetrical with respect to its axis. 

Hence QR^ QE are equally inclined to the axis. 

Similarly, the pairs of chords QQ^ R'R^ and QE^ QB 
are equally inclined to the axis. 

Prop. XVII. If a chord of a parabola pass trough a 
fixed pointy the tangents at its extremities will intersect on a 
fixed straight line. 

Let be the middle point of a chord which passes through 
a fixed point 0; cpj OPj the dia- 
meters through Oy (?, meeting the 
curve in p^ P. Draw the tangent 
at p and let it meet OP in F. Let 
the tangents at the extremities of 
the chord through intersect in t. 
Through <, p draw straight lines 
parallel to the tangent at P and 
meeting OP in T, U respectively. 

Then ^ Z7 is a parallelogram, since 
all diameters are parallel. 

Also Vo is a parallelogram. 

Hence 




[Prop. XII., Cor. 1, p. 16. 
TU^ OV— tpj poj each to each. 

tp -po. [Prop. YII. 

TU^OV. 

VP^VP. [Prop. VII. 

TP=POj which is constant. 
Hence Tis a fixed pomt and tTsL fixed straight line. 

Conversely, if t lie on a fixed straight line, the chord of 
contact of tangents through t will pass through a fixed point. 

JDef The fixed point Is said to be the Pole of the fixed 
straight line Tt^ and Tt is called the Polar of (?. 



But 

Therefore 

Also 

By subtraction 
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Pbop, XVIII. If Oo he the chord of contact of tangents to 
a parabola through any point tj and p'op any chord passing 
through tj then tpop* will he cut harmonically. 

Let <0 be the diameter through t meeting the curve In P 
and QT^ the tangent parallel to tp^ in 7. 




Draw QF, an ordinate of the diameter through P, and let 
Qc be the diameter through Q^ bisecting^' in c. 

Then, it may be shown, as in Prop. :^V., that tp.fp* is 
equal to 4:8Q.tP^ that is to 28Q.tO. [Prop. vit. 

Similarly TQ" is equal to 28Q.TV. 

Hence TQ" : tp.ip' ^TV :tO 

= TQ : fe, by similar triangles, 
= T(^ : TQ.to. 
Therefore tp.tp' = TQ. to=^tc.tOj 

or 2tp.tp'=ito{tp'\'tp\ 

since c is the middle point o{pp\ 

Note. The above proposition may be thus enunciated 
[Def., p. 36): 

A straight linCj draion through any point to meet a para- 
holaj is cvii harmonically by the pointy the curvcy and the polair 
of the point. 
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Prop. XIX, Any ordinate^ QV^ and abscissa^ PV^ contain 
with the parabola an area equal to two-thirds of the paralldo^ 
gram which has PV^ QVfor adjacent sides. 

Draw the adjacent ordinate BU] let BQ meet UP in T; 
complete the parallelogram iitr2X; 
let BL and QOj which is drawn 
parallel to VP^ meet the tangent at 
P ia MjO respectively. 

Let B move up to Q. Then, 
when QT becomes the tangent at 
Qy PV=-PT (Prop. VII.). Hence 
PM bisects the parallelogram QL. 
(Euc. I., 36). 

Therefore 2QM=QL= comple- 
ment QU. 1;Euc. I., 43. 

Divide the parabolic arc PQ by 
any number of points, through which draw straight lines 
parallel to OP, FP, so as to form two series of parallelo- 
grams having their bases on VP and OP. 

Let the number of the parallelograms be increased and 
their breadths diminished indefinitely. 

Then, as above, each parallelogram in the first series is 
double of the corresponding one in the second. Hence the 
sum of the first series, which ultimately becomes the para- 
bolic area QVPj is twice the sum of the second series, or of 
the area QOP. 

Hence the area QVP is two-thirds of QVP+ QOP^ that 
is, of the parallelogram VO. 

Cor. Let JS?7 produced meet the curve in iZ'. Complete 
the parallelogram B'BMM'. 

Then area PUB = f parallelogram if Z7, 

and area PUE = f parallelogram M' Uj 

Z7 being the middle point oi BB\ 
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Hence the whole area cut off by the chord RB is two- 
thirds of the parallelogram ME. 



EXAMPLES. 

1. Any point whose distance from the focus of a given 
parabola is greater than its perpendicular distance from the 
directrix, lies on the convex side of the curve. 

2. Prove that the perpendicular drawn, from the foot of 
the normal, to the focal distance of any point on the curve, 
is equal to the ordinate of the point. 

3. K PG be the normal at P, and QK perpendicular to 
AP, prove that PK=^28Ay and hence show that the sub- 
normal is constant. 

4. In Prop. I. prove that the tangent PY is perpendicular 
to 8M^ and hence that it bisects the angle vSPJlf. 

5. If the tangents at P, Q^ intersect in 5, then the circle 
through P, which touches QR in R^ passes through the focus. 

6. If PO be any normal, and the triangle 8PQ be equi- 
lateral, then 8P=^ latus rectum. 

7. If PF be a chord meeting the axis at right angles in 
N^ the diameter of the circle through P, P', and the vertex -4, 
is equal to LA 8 ■\^ AN. 

If PF be the latus rectum, the diameter is equal to bA8. 

8. The tangent at any point of a parabola meets the 
directrix and the latus rectum produced in points equidistant 
from the focus. 

9. The tangent at a point P, whose ordinate is PN^ meets 
the axis in T, and the tangent at the vertex in F. Prove 
that NT^TY, and that TP.TY=^T8.TN. 
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10. If Q8Q! be a focal chord and QM^ QM' perpendictdars 
on the directrix, then will M8M* be a right angle. 

11. If QSQ be any focal chord and PG the normal to 
which it is perpendicular, then PGP = 8Q. 8Q. 

12. A circle has its centre at the vertex ^ of a parabola 
whose focus is 8^ and the diameter of the circle is ^A8\ show 
that the common chord bisects A 8. 

13. A point moves so that its shortest distance from a 
^ven cbt^le is equal to its distance from a given fixed dia- 
meter of that circle ; find the locus of the point. 

14. If a circle touch a given circle and a given straight 
line, the locus of its centre will be a parabola. 

15. PM is the ordinate of a point P in a parabola ; a line 
is drawn paraUel to the axis, bisecting PM and cutting the 
curve in Q ; MQ cuts the tangent at the vertex in T] show 
thatuiir=|Pif. 

16. K PY be produced to meet the directrix in Z^ then 
PY.PZ= 8P*y and PY. YZ= A8. 8P. 

17. The circle described on any focal chord touches the 
directrix. 

18. The tangent from the vertex to the circle round 8PN 
is equal to {PNj where PNh the ordinate of P. 

19. Normals at the extremities of a focal chord intersect 
on the diameter which bisects the chord. 

20. If PKj drawn at right angles to -4P, meet the axis 
in Z, then 2KO=-^A8^NK^ where PAT is the ordinate of P. 

21. If PQ be a common tangent to a parabola and the 
circle described on the latus rectum as diameter, then >8P, 8Q 
are equally inclined to the latus rectum. 

22. If the ordinate of a point P bisect the subnormal of 
P, the ordinate of P is equal to the normal of P'. 
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23. The focus and a tangent being given, the locus of the 
vertex will be a circle. 

24. The circle described on any focal radius as diameter 
touches the tangent at the vertex. ^ 

25. Given the focus and two points on the curve; show 
how to determine the tangent at the vertex. 

26. Given the focus and one point on the curve ; deter- 
mine the envelope of the directrix. 

27. Given the focus ; describe a parabola passing through 
two given points. 

28. Prove that two tangents can be drawn to a parabola 
from any external pobt. 

29. Tangents and normals at the extremities of a focal 
chord intersect in T^ N respectively. Prove that TN is 
parallel to the axis. 

30. Given, in a parabola, two tangents and one of their 
points of contact. Prove that the locus of the focus is a 
circle. 

31. Two tangents and their points of contact being given, 
determine the focus and directrix. 

32. The locus of the centre of a circle, passing through 
a fixed point and touching a fixed straight line, is a para- 
bola of which the given point is a focus. 

33. If, from a fixed point 0, OP be drawn to a given 
right line, and the angle TPO be constant, the envelope of 
TP is a parabola, having for its focus. 

34. If, from the vertex of a parabola, a pair of chords be 
drawn at right angles to each other, and on them a rect- 
angle be completed, prove that the locus of the farther angle 
is another parabola. 
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35. PG^ pg are normals at the extremities of a focal 
chord. Prove that 80.8g = A8.Pp. 

36. If three parabolas be inscribed in a triangle, when 
will the area of the triangle formed by joining their fod be 
greatest ? 

37. From the focns /S of a parabola, 8K is drawn making 
a given angle with the tangent at P. Determine the locns 
of^. 

38. If a parabola roll upon another equal parabola, the 
focus traces out the directrix. What limitation is necessary? 

39. To two parabolas, which have a common focus and 
axis, two tangents are drawn at right angles. Prove that 
the locus of their intersection is a straight line, and that this 
straight line is parallel to the directrices. 

40. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a cu-cle is de- 
scribed; prove that the distance between the middle points 
of this chord and of the chord joining the other two points 
of intersection of the circle and parabola will be of constant 
length. 

41. A circle, which passes through /S, touches the para^ 
bola in the points P, Q, Prove that 

SP=^U.8=8Q. 

42. Two circles, which have their centres on the axis of 
a parabola, touch the parabola and one another. Prove that 
the difference of their radii is equal to the latus rectum. 

43. The squares of the normals at the extremities of a 
focal chord are together equal to the square of twice the 
normal perpendicular to the chord. 

44. All chords which subtend right angles at A pass 
through a fixed point in the axis. 
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45. If a diameter meet a focal chord (which it also bisects) 
In F, and the directrix in H^ then 

46. If two equal parabolas have a common axis, a straight 
line touching the interior and terminated by the exterior, will 
be bisected by the point of contact. 

47. If QD be drawn at right angles to the diameter PV^ 
then QL^ = 4^8. PV^ where V is the foot of the ordinate of Q. 

48. PSp is a focal chord, and upon P8^ ps as diameters 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between AS and Pp. 

49. From the foot of the directrix a chord is drawn to a 
parabola. Prove that the ordinates of the points in which 
the chord meets the parabola contain a rectangle equal to the 
square of the latus rectum. 

60. If from the middle point of a focal chord of a para- 
bola two straight lines be drawn, one perpendicular to the 
chord and meeting the axis in G^ the other perpendicular to 
the axis and meeting it in N] show that NG is constant. 

51. PSp is a focal chord of a parabola ; RDr the direc- 
trix, meeting the axis in Z>; ^ any point on the curve. 
Prove that, if QP^ Qp be produced to meet the directrix in 
J3, r, half the latus rectum is a mean proportional between 
DB^ Dr. 

52. Describe a parabola touching four given straight lines. 

53. If the diameter PV meet the directrix in 0, and the 
focal chord, parallel to the tangent at P, in F, prove that 
PV=PO. 

54. In the last example, prove that the locus of F is 
a parabola. 

55. The locus of the foot of the focal perpendicular upon 
tHe normal is a parabola, whose latus rectum is equal to AS. 
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56. AK^ BL are two parallel straight lines such that ^^ 
is perpendicular to both of them ; take any point Q in BL 
and join AQ\ m AQ^ produced if necessary, take a point P, 
such that, if PN be drawn perpendicular to AK^ PN^BQ. 
Prove that the locus of P is a parabola. 

57. If, from the point of contact of a tangent to a para- 
bola, a line be drawn parallel to the axis and meeting the 
chord, tangent, and curve, this line will be divided by them 
in the same ratio as it divides the curve. 

58. li AQ be 9. chord of a parabola through the vertex 
A^ and QR be drawn perpendicular to AQ to meet the axis 
in JB, prove that AR will be equal to the chord through the 
focus parallel to A Q. 

59. Chords of a parabola are tangents to an equal para- 
bola, having the same axis and vertex, but turned in the 
opposite direction. Show that the locus of the middle points 
of the chords is a parabola whose latus rectum is one-third 
of that of the given parabolas. 

60. Two equal parabolas, having the same focus and their 
axes in contrary directions, intersect at right angles. 

61. Two parabolas, with a common axis and vertex, have 
their concavities in opposite directions; the latus rectum of 
one is eight times that of the other ; prove that the portion 
of a tangent to the former intercepted between the conunon 
tangent and axis is bisected by the latter. 

62. If APC be a sector of a circle of which the radius 
CA is fixed, and a circle be described touching the radii 
£IAy CP and the arc -4P, the locus of the centre of this 
circle is a parabola. 

63. From the points where normals to a parabola meet 
the axis, lines are drawn perpendicular to the normals.; show 
that these lines will be tangents to an equal parabola. 
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64. If a circle and parabola, having a common tangent 
at P, intersect in Q^ By and if QV^ UR be drawn parallel 
to the axis of the parabola and meeting the circle in F, U^ 
Tespectively, then VU is parallel to the tangent at P. 

65. A parabola touches the sides AB^ A (7, of the triangle 
ABGj at the points P, G, Prove that the angle 08A is a 
right angle, where is the centre of the circle described 
about the triangle. 

66. If, from any point P of a parabola, two straight lines 
PFj PHy be drawn, making equal angles with the normal 
at P, then 8(P = 8F.8H. 

67. If, from a point P of a circle, PC be drawn to the 
centre, and B be the middle point of the chord PQ^ drawn 
parallel to a fixed diameter A GB^ then the locus of the inter- 
section of CP, AB is a parabola. 

68. jTP, TQ are two tangents to a parabola, and, on TQ 
produced, TQ' is taken equal to TQ. 

Prove that T8. PQ = TP. TQ. 

j69. K, through any point on the axis of a parabola, 
a chord POQ be drawn, and Pilf, ^^ be the ordinates of 
J^, ^, prove that AM.AN^AC. 

70. If PAQheB, right angle, then AO^ IA8. 

71. The normal at P is a mean proportional between 8P 
and the latus rectum. 

72. The tangents at P, Q meet in T and are intersected 
by any other tangent in (?, B. 

Prove that the triangles 8TPy 8TQy 08B are similar and 
thsit 8P.8Q = 8r. 

73. If two tangents to a parabola be cut by a third, the 
alternate segments will be proportional. 
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74. If two equal tangents be cut by a third tangent, their 
alternate segments are equal. 

75. P/fi^p is any focal chord of a parabola. Prove that 
APj Ap will meet the latus rectum in two points Q^ q^ whose 
distances from the focus are equal to the ordinates of P and^. 

76. If 8Y^ 8Z be perpendiculars on the tangent and 
normal at any point, then YZ is parallel to the diameter 
through that point. 

77. OP, OQ touch a parabola at the points P, Q ; another 
straight line touches the parabola in R and meets OP, OQ 
in iS, T respectively ; if F be the intersection of PT, 8Qj 
then ORV is a straight line. 

78. If PF be the diameter through any point P, PV a 
semi-ordinate, Q any other point on the curve ; and if QB cut 
PV in P, then VR.VE^VP", E being the point in which 
the diameter through Q meets PV. 

79. QSQ is a focal chord parallel to AP] PN, QM, QM 
are the ordinates of P, §, Q. Prove that SiP^AM.AN^ 
and that JOf' = ^P, 

80. If the tangents at P, Q intersect in T and PQ be 
perpendicular to PT, then PT is bisected by the directrix. 

81. PQ is a chord of a parabola, PT the tangent at P. 
A line parallel to the axis of the parabola cuts the tangent 
in T, the arc PQ in E^ and the chord PQ in F. Show that 

TE\EF^PF\FQ. 

82. A system of parallel chords is drawn in a parabola ; 
prove that the locus of the point which divides each chord 
into segments containing a constant rectangle is a parabola. 

83. If a line be drawn from the foot of the directrix to 
cut the parabola, the rectangle of the intercepts made by the 
curve is equal to the rectangle of the parts into which the 
parallel focal chord is divided by the focus. 



EXAMPLES. 47 

84. In a given parabola inscribe a triangle having its 
sides parallel to three given straight lines, none of which is 
parallel to the axis of the parabola. 

85. The area of the triangle formed by three tangents to 
a parabola is equal to half the area of the triangle formed by 
joining the points of contact. 

86. PQ is any chord of a parabola cutting the axis in L ; 
B^ m are the two points in the parabola at which this chord 
subtend a right angle. If JRB' be joined, meeting the axis 
in L'j then LL' will be equal to the latus rectum. 

87. The area included between any two focal radii 8Pj 
8Q is equal to one-half of that included between the curve, 
the directrix, and the perpendiculars upon it from P, Q. 

88. If FQ be a chord of a parabola, normal at P, and T 
the point in which the tangents at P, Q intersect, then 

PQiPT^PNxAN, 
where PN\a the ordinate of P. 

89. Prove also that PQ.AN=^ 4.8P. 8Y. 

90. If PQ, PK be chords of a parabola, PQ being normal 
at P, and PK equally inclined to the axis with PQ, the angle 
PKQ will be a right angle. 

91. A parabola touches one side of a triangle in Its middle 
point, and the other two sides produced. Prove that the per- 
pendiculars drawn from the angles of the triangle upon any 
tangent to the parabola are in harmonical progression. 

92. The triangle ABO circumscribes a parabola whose 
focus IS S. Through -4, P, O lines are drawn perpendiculax 
respectively to 8A^ 8Bj 80. Show that these lines pass 
through one point. 

93. K PQB be a triangle circumscribing a parabola, PP, 
QM perpendiculars on QB and the directrix respectively, then 

QM:QB=8Q:PQ. 
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Draw QL perpendicular to the focal distance of the point 
of contact of BQ (fig., Prop. XIY.) ; then 8LQ and PBQ are 
similar triangles (Prop, iii.), and SL = QM. [Prop. lu., p. 7. 

94. In the last example, \£ QO^ drawn perpendicnlar to 
Pfi, intersect the directrix in 0, then 

QM'.Q0 = 8QiD, 

D being the diameter of the circle PQR. 

The angle BPQ is eqnal to that which PR makes with 
the axis (Prop, xiii.), or QO with the directrix. Draw 8Y 
perpendicnlar to PQ\ the required result follows by similar 
triangles QOM^ SPY and (Euc vi., C). 

95. K a parabola be inscribed in a triangle the directrix 
passes through the point of intersection of the perpendiculars 
drawn from the angular points of the triangle to the opposite 
sides.* 

By examples 93, 94, 

QO:D:^QB:PQ, 

whence it is readily shown (Euc. vi., C) that is the point 
in which QO is intersected by the perpendicular frt>m either 
of the vertices P, B upon the opposite side. 

96. Apply properties of the parabola to prove that — 

(i) In any triangle, the feet of the three perpendiculars 
from any point of the circumscribing circle to the sides of 
the triangle, lie on the same straight line. 

(11) J£ four intersecting straight lines be taken three 
together so as to form four triangles, the perpendiculars 
of these triangles intersect in four points which lie on a 
straight line. 



• For another proof gee The Lady^s and Gentleman's Diary for the 
year 1863. 



EXAMPLES. 49 

97. If two parabolas be described, each touching two 
sides of a given equilateral triangle at the points in which 
it meets the third side, prove that they have a common focus 
and that the tangent to either of them at their point of 
intersection is parallel to the axis of the other. 

98. Two parabolas are described, each touching two sides 
of an equilateral triangle at the points in which it meets the 
third side ; determine the area common to the two curves. 

99. Three parabolas being described, as in the last ex- 
ample, determine the common area. 

100. Tangents drawn to a pair of similarly situated 
parabolas at the extremities of any common diameter inter- 
sect upon the common chord. 



E 
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CHAPTER IV. 

THE ELLIPSE. 

The definition on p. 1 applies to the ellipse, the ratio 
spoken of being in this case a ratio cf less inequality. 

Let the carve cat the axis in A^ A'. Bisect AA' in (7. 
Take a point JET in the axis, sach that CH= G8j where 8 is 
the given focas. Then, for a reason which will appear 
(Prop. III.), H is called a focas. 

Thas /S, J7 are the Foci. Also O is the Centre^ and Aj A' 
are the Vertices. 

Let BCB' be the central chord perpendicalar to AA\ 

Then AA! is the Major and BB' the Minor Axis. 

AA* is sometimes called the Transverse and BB' the 
Conjugate axis. Also, when the axis is spoken of, AA' is 
always signified. 

The Auxiliary Circle is the circle on AA' as diameter. 

Note, An ellipse is sometimes defined as the locos of a point (P) 
the sum of whose distances from two fixed points (<S> M), called foci, 
is constant. The property in question follows, as in Prop, il., from 
the definition employed in the present Chapter. The converse propo- 
sition is proved in the Appendix. 

It is shown in the Appendix that all diameters pass 
through the centre. 

A diameter is sometimes defined as a straight line drawn 
through the centre. In this case it may be shown, conversely, 
that every diameter bisects a system of parallel chords. 

The term Ordinate being defined as for the parabola 
(p. 24), oris the Ahs(Assa of Q. 



THE ELLIPSE. 51 

Divido any straight line 8X externally and iHtemally in 
the same ratio by the points A*^ A^ so that 

SA'xSA^AXiAX. 

Bisect AA in G and take the pomt H in CA' such that 
CH=^G8. Produce Ofi^to TT and let 0Tr=(7X 

Lemma L By construction, SA =3 HA. Hence, from 
abovci altemando, 

HAx SA^A'XiAX. 



y A ^ C HA Ty 



\ 



Dividendo H81 8A^ A A : AX, 

or 8A : AX^ H8 : AA 

=s C8 : (7-4. {Construction. 

Lemma II. By construction ji'X= TT-i. 

Hence 8A : 8A^WAi AX. [Construction. 

Componendo AA : 8A = FX : AX^ 
or ^^:^X=^^':FX 

= CA : CX [Construction, 

Lemma HE. By Lemmas i., ii. 

C8:CA^CA : CX. 

Therefore C8\CX^C8'' :CA% [Eucvi.,20,Cor.2, 

and C8. CX = CA\ [Euc. VL, 17. 

The proofs are similar when the points A, A lie between 
S and H. [fig., Prop. 11., Chap. vi. 

Note. Let P be any point on an ellipse which has 8 for 
focus and MX for directrix. Let A be one vertex and PM 
perpendicular to MX. 

Then 8PiPM^8A\AX^ [Def. 

and 8P : PM^ C8 : CA. [Lemma i. 

£2 
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FboP. I. If PM be ike perpendicvlar upon the dired^nx 
MX from any point P (man ellipse j then M8y drawn iJirough 
the focus 8^ meets the normal at P on the minor aocis. 

Let M8 meet the minor axis Cgmgj and draw Pg catting 
the major axis in O. 




Then, by similar triangles 80gj MPg^ the ratio 8G : PM 
is equal to 8g : Mg^ which is equal, in like manner, to 
CSinM. AhonM=CX. 



Therefore 
But 
Therefore 



8G : PM= C8 : CX. 
PM: 8P = CA:C8. 
SG: SP = CA:CX 
:=8A:AX, 
which proves that PG is normal at P. 



\Note^ p. 48. 

[Euc. v., 22, 

[Lemma ii. 

[Prop. IX., p. 12. 



Prop. II. The sum of the focal distances of any point on 
the ellipse is eqital to the major axis. 

Let -4, A' be the vertices ; 8y -ff the foci ; C the centre. 

From any point P on the curve draw PM perpendicular 
to the directrix JfX, and let M8 meet the minor axis in g. 
Draw PGg cutting the major axis in (?• 
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Then SG : /gP= 8A : AX, as in Prop. i. 

==8F:PM. [Def. 

Hence the triangles SPG^ 8PM are similar, since the 
angles P8G^ 8PM are equal (Euc. i., 29), and the sides 
about them proportional. 

Therefore z 8PG = 8MP [Euc. vi., 6, 

==^g8n [Euc. I., 29, 

^gH8, [Euc. I., 4, 

since CH^C8 and gC is common to the right-angled tri- 
angles gCH, 9^^^ which are therefore equal in all respects. 

Hence a circle goes round g8PH. [Euc. ill., 21. 

Also the angles gP8^ gPH <6tand upon equal circum- 
ferences and are equal. [Euc. ill., 27, 28. 

Therefore the ratio EG : HP is equal to 8G : 8P 
(Euc. VI., 3), that is, from above, to 8A : AXy or to 
08 : CA. [Lemma i. 

Altemando HG:C8=^ HP : 04, 
and 8G : C8^ 8P : CA. 

Therefore 8G + HG:G8^ 8P+ HP : GA. [Euc. v., 24. 

But 8G+GH is equal to ^Sffor 2C8. 

Therefore 8P+HPis equal to 2GA or the major axis. 

Peop. III. Every ellipse has two directrices. 
The same construction being made as in the last propo- 
sition, it may be shown that 

8G\8P^8AiAX, 

and that a circle goes round gSPH. 

Therefore Z gPH= g8H= gH8. [Euc. iii., 2 1 , and i., 5. 

Let MP meet the minor axis in n and gH in N. Draw 
NW io meet the major axis at right angles in W, 
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Then, since CH=^OS, therefore (Euc. Vi., 3) nN^nM=^CX. 
Hence NWia a faced straight Une. 

But LgPH^gHS^ from above, 

«^-NP. [Euc I., 29, 

Also, the alternate angles GHP^ SPG are equaL 
Hence the triangles EPN^ HPG are similar, and 

EPxPN^HGiEP 

= SG : /SP, [Euc. VI., 3, 

since the angles gPB^ gPS stand upon equal circumferences 
and are equal. [Euc. iii., 27, 28. 

Therefore, from above, SP bears to PN the constant ratio 
of 8A to AX. 

Hence NW has the same properties as the directrix MX. 

Note, If the result of this proposition be assumed, it may 
be proved, as in Prop, xv., p. 19, that SP-V PS is constant. 

FbOP. IY. The normal at any point Insects the angle 
hettveen the Jbcal distances of the point. 
Let the normal at P meet the axis in G<, 

Then SG: 8P^8A: AX. [Prop, ix., p. 12. 

Similarly SG : EP^ 8A : AX. [§ v., p. 18. 

Therefore 8G: 8P^ SG : -HP, [Euc. v., 22, 

or PG bisects the angle 8PH. [Euc. vi., 3. 

Prop. Y. The tangent at any point is equally incUned to 
the jbcal distances of the point. 

Let the tangent at P meet the directrix MX in B, PM 
being perpendicular to MX. Then the circle on PR as 
diameter passes through the focus 8^ since P8R is a right 
angle. [Prop, i., p. 6. 

It also passes through M for a like reason. Hence the 
angles SPB^ 8MR^ in die same segment, are equal, and, if 
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t be any point in BP produced, it may be 8hown| similarlyi 
that the angles ffFt^ HNW are equal. 




But BX^HW', MX^NW; and Z, ^8 are right angles. 
Therefore Z 8MX = ENW. 

Hence iBPB^EPt. 

Also, if BP be produced to FJ 

LHPt= 8PB-=^VPt. [Euc. L, 15. 

Note. The method of Prop, vi., Chap. yi. may be here used. 

Prop. VI. The circle which passes through the foci and 
any point P on the ellipse passes also through the points in 
tohich the tangent and normal at P meet the minor aans. 

Describe the circle BPHj cutting the minor axis in g^ t 
Then the equal straight lines gBj gH cut off circumferences 
which subtend equal angles gPB^ gPS. [Euc. III., 27, 28. 

Hence Pg bisects the angle BPH^ and is therefore the 
normal at P. [Prop. iv. 

Again, gt bisects BH at right angles and is a diameter 
of the circle. Hence the angle tPg is a right angle, and i%, 
being at right angles to the normal, is the tangent at P. 
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Pbop. VII. The tangents at P, Q intersect in T. To 

prove thai 

lSTQ^HTP. 

Let 8P^ HQ intersect in 0. Produce HP to any point V. 




Then TP bisects the angle OPV. [Prop. v. 

Also TiT bisects the angle OEV. \ [Prop, vi., p. 9. 

Hence lBTP^TPV-THP [Euc. i., 32, 

= i OPF- i QjSP, from above, 
= \POH. [Euc, I., 32. 

Similarly l8TQ^\Q08. 

But the vertical angles at are equal. [Euc. i., 15. 

Therefore lSTQ^HTP. 

Prop. VIII. To prove thai, 

GA'--C8'=^GB'^A8.8A\ 

where GB is the semi-minor axis and 8 either focus. 
Since (7/S= Cfl, therefore 

Therefore SB' = HB' (Euc. i. 47), or 8B=HB. 
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Hence 
Therefore 



CB'=SB'--C8' = GA^'-C8\ 
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A s 



H A' 



Again, the sum of 08^ GA Is equal to 8A'^ and their diffe- 
rence to A8. Hence GA^ - GS* = A8. 8A\ [Euc. ii., 5, Cor. 

Therefore GA' ^G8' = GB* = A8. 8A\ 

Note. ^(7 bisects the angle SB Sand is normal at B. [Prop. iv. 

Also MBN, drawn parallel to the axis to meet the directrices in M, iV, 
is at right angles to the normal BC and touches the curre at B, 

Hence B8M is a right angle (Prop. L, p. 6) ; and since the angles 
SBC, SMB are equal, each of them being complementary to SBM, 
therefore the right-angled triangles SBC, SMB are similar. 

Hence CS i SB = SB i BM. 

Now SB-CA. Also (i) J9 is a point on the curve ; and (ii) BM-CX. 

Therefore CSiCA^SAi AX (i), 

and CSiCA^CA :CX (ii), 

compare the Lemmas, p. 48. 

Pbop. IX. The foot of the perpendicular drawn froni 
either focus to the tangent at any point lies on the auxiliary 
circle. 

Let GY^ drawn parallel to J3P, meet the tangent PY in 
r and >SP in 0. Produce YP to Z. 

Then, because GY is parallel to ifP, and G8-=^\H8^ 
therefore GO = \HP (Euc. iv., 2), and 08= \8P= OP. 

Again L OPY= HPZ [Prop. v. 

= OYP. [Euc. I., 29. 

Hence F= 0P= 08^ from above. 
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Therefore O is the centre of the circle roand SPY and the 
angle 8YP^ in a Bemi-cirdei is a right angle. 




Also Oa + r= \HP+ \8P^ fipom above, 

or Or= CA. [Prop. ii. 

Therefore Y lies on the aaxiliary circle; and it has been 
shewn that 8YP is a right angle. 

Similarly, if HZ be drawn to meet the tangent YPZ at 
right angles, then ^lies on the auxiliary circle. 

Cob. Complete the parallelogram PYGk by drawing the 
diameter parallel to the tangent at P or perpendicular to 
the normal PF* 

Then Ph^GY^CA. 

Pbop. X. To prove that 

8Y.HZ= CB\ 

where 8Yj HZ are the focal perpendiculara upon the tangent 
at any point P. 

Describe the auxiliary circle, passing through F, Z 
(Prop. IX.), and let ZH meet YO in F. 

Then YV is a diameter of the circle, since YZV is a 
right angle. [Construction. 
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Hence Cr=(7r and CS^CH^ in the trianglea BGT^ 
HCV. Also the vertical angles at (7 are equaL 

Therefore 8Y=^ HV. [Euc L 4. 

Hence SY.HZ^HV.HZ 

^AE.EJl [Euc III., 36, Cor. 

Since, in Prop. Till., R may be eUheir focus. 

PfiOP. XI. If the normal at P meet the major and minor 
axes in G^ g^ respectively^ then 

FG:Pg^CB^:CA\ 
Draw PM perpendicular to the directrix (fig., Prop. I.) 
and let MS meet the minor axis in g. Then, as in Prop, i., 
Pg is the normal at P. Let it meet the major axis in O. 

Then i^ is to 6^^ as Mg to 8g (Euc. yl, 3), or as nM 
to C8j by similar triangles PMgj 08g. Also nM= OX. 
Therefore Pg : Og = OX : C8 

= C4» : C8^. [Lemma n. 

Hence Pg : PG = CA* i GA'^CS' 

= CA* : CB\ [Prop. vni. 

Peop. Xn. If PN he the ordinate of P and PG the 

normalj then 

NG:CN==CB^:CA\ 

Let the normal meet the minor axis in g^ and draw Pn 
perpendicular to CB. 

B 



^^ •*■ 
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Then, by similar triangles PONj PffUj 

NOiPn^PGi Pg 

= CB^ : CA\ [Prop. xi. 

Therefore NG : CN^ CB^ : GA\ 

Note, Similarly it may be shown that 

ngiCn^CA^iCB\ 

Prop. XIII. The normal at P meets ike minwr aocis in g^ 
and gh meets 8P at right angles in k. To prove that 

Pk=CA. 
Let ^Z^meet EP at right angles in ?. 




Then the right-angled triangles gPk^ gPlj having the 
angles gPS^ gPH equal (Prop, v.) and the side gP common, 
are equal in all respects. 

Hence Pk = Pl and gk = gl. 

Again, in the right-angled triangles gHlj gSk^ 

iC^^Z= supplement o{gEP=^gSP^ [Euc. ill., 22. 
and gH=g8. 

Hence the remaining sides are equal, each to each, so 
that Hl=^8k. 
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To each of these equals add )feP+ PH. 

Then AP+ PI = fiP+ PH^ 2 CA. [Prop. ii. 

But kP^ PI are equal, from, above. Hence either of them 
is equal to (LI. 

COK. 1. ?7 similar triangles PKO^ Phg^ PK is to Pk as 
PO to Pg^ or ^ CB" : GA\ [Prop. xi. 

But P£ is equal to GA. Hence 

PKiCA:=^GB^iCA\ 

Therefore PKi GB= GB : GA. 

Hence PK.Pk^ that is PK.GA^ is equal to GB\ 

Cob. 2. Also, CB is a mean proportional between GA and 
the semi-latua rectum^ since the semi-latus rectum is equal 
to PK. [Prop. X., p. 12. 

Pbop. XIV. To prove that 

PF.Pa^GB\ 
and PF.Pg =^GA% 

F being the point in which the normal meets the diameter 
parallel to the tangent at P, and G^ g the points in which it 
meets the minor and major axes respectively. 

Draw OK^ gk perpendicular to 8P. 

Then FC meets SP in a point whose distance from P 
is equal to GA (Prop, ix., Cor.), and therefore passes 
through k. [Prop. xiii. 

Hence, by similar right-angled triangles PFk^ PKQ^ 

PF:Pk = PK:PG, 
or PF.PO = PK.Pk 

= GB^. [Prop. XIII., Cor. 1. 
Again, PF:Pk = Pk:Pgy 

by similar right-angled triangles PFkj Pkg. 
Therefore PF.Pg = Pi? 

= GA^. [Prop. XIII. 
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Pbop. XV. To prove thca 

GN.GT^GA\ 

T being the point in which the tangent at any point P meets 
the major axis^ and FN the ordinate of P. 

Let the normal at P meet the minor axis in g^ and the 
diameter parallel to the tangent at P in JT. 




Draw Ri perpendicular to the minor axis and produce It 
to meet FG in m. 

Then, the angles at n, Fj being right angles, the circle 
on mg passes through n^ F. [Euc. ill., 31. 

Therefore jRi . iVi = FF.Pg [Euc. in., 36, Cor. 

= GA\ [Prop. XIV. 

But JPn^GN Bui Pm = GT. 

Therefore GN. GT= GA\ 

Pbop. XVL To prove that 

Gn.Gt=GB% 

t heing the paint in which the tangent at any point P meets the 
minor axisj and Pn the perpendicular upon that axis. 

Let the normal at P meet the major axis in G and the 
diameter parallel to the tangent at P in jP. 
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Draw PN perpendicular to the major axis and produce it 
to meet CF in M. 

Then, the angles at N^ F^ being right angles, the drcle on 
MO passes through N^ F. [Euc iii., 31. 

Therefore PN.PM^ PF.PO [Euc. m., 36, Cor. 

= GB\ [Prop. XIV. 

But PN=^ On and PM=^ Gt. 

Therefore Cn.Gt=^ GB\ 

Prop. XVII. Tangents to an ellipse which indtide a right 
angle intersect on ajixed circle. 

Let 8Y^ HZ^ and 8Y\ HZ"^ be the focal perpendiculars 

T 




upon two tangents which intersect at right angles in T. 
Then the figures TH^ T8 are rectangles and their opposite 
sides are equal. 

Hence TY. TZ^ ST. HZ' = GB\ [Prop. x. 

Let TO be drawn touching the auxiliary circle in 0. 
Then since F, Zare points on the circle (Prop, ix.), therefore 

TY. TZ:=:^ TC^. [Euc. iii., 36. 

But it has been shown that TY.TZ^GB*. Hence 
TO'^GB^ Also the radii 00, GA, are equal. 

Therefore GT'^GO' + Ta = GA' + GB'; which proves 
that T lies on a fixed circle, whose centre is 0. 
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Prop. XVIII, Ordinatea drawn from the same point in 
the cucia to the ellipse and atujciliary circle are to one anotJier 
as CB to CA. 

Let the ordinate NP^ of the ellipse, be produced to any 




A' T 



point p. Draw Pn perpendicular to the minor axis, and let 
Qp, Pn intersect in j. 

Join q^p to the points t^Tm which the tangent at P inter- 
sects the minor and major axes respectively. Then, by 
similar triangles Cnq^ ^[AJ?, qn is to ON as C^ to pN. 

But CN= nP and Cn = PN. 

Therefore nqinP= PN : pN, 

Also nP : nt = NT : PN^ by similar triangles. 

Therefore nq : nt -NTipN. [Euc. v., 22. 

Hence ^j^Tare parallel and lOpT=Gqt. 

Let these equal angles be right angles. Then 

Cp'=-CN.GT=CA% 
and Cq'== Cn.Ct ^GB\ 

Hence p^ q are points on the circles described upon the 
major and minor axes respectively. 

Also PN : pN=: Cq :Cp [Euc. vi., 2. 

= CB : CL4, from above, 
which proves the proposition. 



[Prop. XV. 
[Prop. XVI. 
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Note*, By the help of this property of the circle upon the 
major axis many propositions concerning the ellipse may be 
proved, as in the chapter on corresponding points. Hence 
the name Avacitiary Circle, 

Since the circle on the minor axis possesses the analogous 

property 

Paiqn^CAiCB, 

it may sometimes be convenient to speak of it as the Minor 
Auxiliart/ Circle. 

Peop. XIX. If PN he any ordinate^ 

FN' : AN.NA' = OB' : CA\ 
Produce NP to meet the auxiliary circle in jp. 
Then PN^ : j>N' = CB« : CA\ [Prop. xvn. 

But pN^^AN.NA\ [Euc. VI., 8, Cor. 

since the angle ApA\ in a semi-circle, is a right angle. 
Therefore PN^ : AN.NA = CB" : CA\ 
Note. Similarly it may be proved that 

Pn^iBa.nB'^CA^iCB\ 
Also, since the radii CA^ Cp are equal, 

pN^^Cp'-CN^^^CA^'-CNK 
Therefore PN'' : CA^ - CN' = CB* : CA' ; 
a form of the proposition which is sometimes useful. 

Pbop. XX. Tangents drawn to an ellipse and its auxiliary 
circle from extremities of a common ordinate intersect upon 
the aocis. 

Let the tangent to the ellipse at P meet the axis in T. 
Produce the ordinate NP to meet the auxiliary circle in p. 

Then Cp^ = CA^^CN.CT. [Prop. xv. 

Hence (^T is a right angle, and Tp touches the 
circle. .[Euc. III., 16, Cor. 

p 
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EXAMPLES. 

1. If BjH he the foci of an ellipse, P any external point, 
fiP+ PHis greater than 2CA. 

2. The major axis is the longest straight line that can 
be drawn in an ellipse. 

3. The tangent at B meets the latns rectum on the cir- 
cmnference of the circle desmbed npon the major axis as 
diameter, and the tangent to the circle at the point where 
it meets the latns rectum passes through the foot of the 
directrix. 

4. Hence prove that C8. 8X=: GB^ and deduce that GB is 
a mean proportional between GA and the semi-latus rectum. 

5. For what position of P, on the ellipse, is the angle 
iSPS' greatest? 

6. K P be any point on the ellipse, T koj point on the 
straight line which bisects the angle between 8P produced 
and JBP, then 8T+HT is greater than the major axis. 
Hence show that PT is the tangent at P. 

7. Prove that 

CGiGN^GS'iGA^ 

where GN is the abscissa of any point on the ellipse and O 
the point in which the normal meets the major axis. 

8. A circle touches an ellipse in two points. Prove that 
the chord of the circle drawn through either focus and point 
of contact has one of two constant values. 
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9. The middle point of Gg lies on a fixed circle ; O^ g 
being the points in which any normal meets the axes. 

10. The minor axis is the least diameter in an ellipse. 

11. If iSFbe perpendicular to the tangent at P, then 

12. J£ the tangent and normal at P meet the axis in T^ 
a respectively, CG.0T=C8^. 

13. If the tangent and normal at P meet the minor axis 
int^g respectively, Cg.Ct=^CS*. 

14. The circle inscribed in the triangle 8PH touches 8P 
in Jf, and 8Hm N; prove that PM=A8 and that AM==^8P. 

15. PO is the normal at P, and a circle passing through 
P, a meets iSP, HP'mQ^B. Prove that PQ+ fifi is equal 
to the latus rectum. 

16. From g^ the point in which the normal at P meets 
the minor axis, straight lines are drawn meeting ;8P, EP 
in Jf , ^ so that the angles gMP^ gNP are supplementary. 
Prove that PM-\- PN is constant. 

17. Straight lines drawn from the centre parallel to the 
tangent and normal at P, cut off from 8P a straight line 
equal to HP. 

18. 8L is the semi-latus rectum, A the vertex ; LA pro- 
duced meets the directrix in Q, and Q8 intersects the tangent 
at the vertex in B ; prove that AB = AS. 

19. If the centre of an ellipse, a tangent, and the trans- 
verse axis, be given; prove that the directrices pass each 
through a fixed point. 

20. In an ellipse, the tangent at any point makes a 
greater angle with the focal distance than with the perpen- 
dicular upon the directrix. 

f2 
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21. The circle PTQ cuts the circle on SH at right 
angles, where PT^ PQ are the tangent and normal at P. 

22. The greatest value of BY"" + -HZ* is 2 CB\ 

23. The drcle on GO cuts at right angles the circle de- 
scribed with centre P and radius equal to CB. 

24. Prove that the normal and the focal perpendiculars 
on the tangent at any point are in harmonlcal progression. 

25. If 8Y^ 8Z be perpendiculars on the tangent at P, the 
circle round YNZ will pass through (7. 

26. Prove that zru4Z=ifiPH; 

27. Prove that CB is a mean proportional between PY 
and the normal at P. 

28. The circle on the normal PO cuts. 8P^ HP in K^ L. 
Prove that PQ bisects KL at right angles. 

29. The circle described on any focal radius as diameter 
touches the auxiliary circle. 

30. Two tangents can be drawn to an ellipse firom any 
external point. 

31. With a given focus describe an ellipse passing through 
three given points. 

32. Circles are escribed to the triangle SPH^ opposite to 
8^ H respectively. Determine the rectangle contained by 
their radii. 

, 33. The locus of the centre of the circle inscribed in the 
triangle 8PHv& an ellipse. 

The centre of the circle which touches 8P produced, flP, 
and the major axis, lies on the tangent at the vertex. 

The locus of the centre of the circle which touches the 
major axis and P8^ PHj both produced, is an ellipse. 
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84. The subnormal is a third proportional to CT and CB, 
where CB is the semi-minor axis and T the point in which 
the tangent intersects the major axis. 

35. Given a focus and the length of the major axis; 
describe an ellipse touching two given straight lines. 

36. Given a focus, a tangent, and the length of the major 
axis; prove that the loci of the centre and the other focus 
are circles. 

37. Given a focus, a tangent, and the length of the minor 
axis ; the locus of the centre is a straight line. 

38. If the angle 8BH be a right angle, then GA^ = 2 CB\ 

39. If 8Tj HZ he the focal perpendiculars on the tangent 
at P, then 8Z^ HY intersect on the normal at P. 

40. Construct on the major axis as base, a rectangle 
which shall be to the triangle 8LH (where 8L is the semi- 
latus rectum) in the duplicate ratio of the major to the minor 
axis. 

41. If a circle touch one fixed circle externally and 
another internally, the locus of its centre will be an ellipsOi 
one of the fixed circles being within the other. 

42. If a series of ellipses be described having the same 
major axes, the tangents at the ends of their latera recta 
will pass through one or other of two fixed points. 

43. 8T^ HZ are perpendiculars on the tangent at P, and 
PJVis the ordinate of P; prove that 

PY.PZx FN' = 08" : CB\ 

4A. Prove also that 

NY'.NZ^PYiPZ. 
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45. In an ellipfie, if a line be drawn through the focus 
making a constant angle with the tangent; prove that the 
locus of its point of intersection with the tangent is a drcle. 

46. A tangent to an ellipse at a point P intersects a fixed 
tangent in 7; if through B a straight line be drawn, making 
a constant angle with 8T and meeting the tangent at P 
in Q^ show that the locus of Q is a straight line touching 
the ellipse. 

47. The external and internal bisectors of the angles 
between pairs of tangents to an ellipse, drawn from points 
on any circle through the foci, intercept a constant length 
on the minor axis. 

48. Tangents to an ellipse, whose foci are /S, H^ inter- 
sect in T, and from T straight lines are drawn equally in- 
clined to 8T^ HT. Prove that these straight lines are 
tangents to an ellipse which has 8^ H for foci. 

49. The external and internal bisectors of the angle be- 
tween the tangents, in the last example, are the tangent and 
normal, at T^ to a confocal ellipse. 

50. The external and internal bisectors of the angles 
between pairs of tangents to a given ellipse meet the axis 
in Jf, N. Prove that GM.CN is constant. 

51. Griven one focus of an ellipse, the length of the minor 
axis, and a point on the curve; the locus of the other focus 
is a parabola. 

52. K the ordinate at P meet the auxiliary circle in Q, 
the perpendicular from 8 on the tangent at Q is equal to 8P. 

53. Lines from F, Z^ perpendicular to the major axis, cut 
the circles on /SP, HP as diameters in / and J. Prove that 
Z(S, JHy CB meet in a point. 
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64. From any point P on an ellipse PK is drawn, to the 
major axis, at right angles to AP, Prove that 2 OK is equal 
to the latus rectum, PQ being the normal at P. 

55. An ellipse described on the longer side of a rectangle 
as major axis passes through the intersection of the diagonals. 
If lines be drawn from any point of the ellipse exterior to the 
rectangle to the ends of the remote side, they will divide 
the major axis into segments, which are in geometrical pro- 
gression. 

56. An ellipse slides between two straight lines at right 
angles to each other; find the locus of its centre. 

57. Two ellipses have their foci coincident ; a tangent to 
one of them intersects, at right angles, a tangent to the other ; 
show that the locus of the point of intersection is a circle 
having the same centre as the ellipses. 

58. A circle described with the centre (7, radius C8^ cuts 
the minor axis in i^, jP' ; prove that the sum of the squares 
of the perpendiculars from F^ F' upon any tangent to the 
ellipse is equal to the square on the semi-minor axis. 

59. The sum of the squares of two straight lines which 
are inversely proportional to diameters at right angles, in the 
ellipse, is constant. 

60. CP, CD are at right angles, and GK perpendicular 
to PjD. Prove that CK is constant, PD being any chord. 

61. If a circle passing through F, Z touch the major axis 
in Q^ and that diameter of the circle which passes through Q 
meet the tangent in P, show that PQ = GB. 

62. TP, TQ are tangents drawn to the ellipse and 

auxiliary circle respectively from a point T on the axis. 

Prove tiiat 

PNiQN^GBxGA, 

where GN is the abscissa of P. 
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63. If a quadrilateral circumscribes an ellipse, its opposite 
sides subtend supplementary angles at either focus. 

64. From the focus of an ellipse a straight line is drawn 
inclined at a constant angle to the tangent at anj point of 
the curve. Prov^ that the locus of the point in which it 
meets the tangent is a circle. 

65. The locus of the foot .of the perpendicular drawn 
from either focus of an ellipse to a chord which subtends a 
constant angle at that focus, is a circle. 

66. An ellipse is inscribed in a triangle. K one focus be 
at the intersection of the perpendiculars drawn from the 
angular points upon the opposite sides, the other will coincide 
with the centre of the circle which circumscribes the triangle. 

67. Prove also that the axis of the ellipse is equal to the 
radius of the circle which circumscribes the triangle, 

68. With the intersection of the perpendiculars from the 
angles of a triangle upon the opposite sides, as focus, two 
ellipses are described touching a side of the triangle and 
having the other two sides as directrices respectively; prove 
that their minor axes are equal. 

69. Show that the conic section which touches the sides 
of a triangle and has its centre at the centre of the circle 
passing through the middle points of the sides, has one focus 
at the intersection of the perpendiculars from the angles on 
the opposite sides, and the other at the centre of the cirde 
circumscribing the triangle. 

70. If a focus of an ellipse inscribed in a triangle be the 
centre of the inscribed circle, the ellipse will be a circle. 

71. An ellipse is described so as to touch the three ^des 
of a triangle ; prove that if one of its foci move along the 
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circumference of a circle paeismg through two of the angulaf 
points of the triangle, the other will move along the circum- 
ference of another circle, passing through the same two 
angular points. 

72. If one of these drcles pass through the centre of the 
circle inscribed in the triangle, the two circles will coincide. 

73. Given, in an ellipse, a focus and two tangents ; prove 
that ihe locus of the other focus is a straight line. 

74. Tangents and normals, at the extremities of a chord 
through the focus 8^ intersect in T, N] prove that TN passes 
through £ 

76. The external angle between any two tangents is half 
the sum of the angles which the chord of contact subtends 
at the foci. 

It may be shown, in Prop, vil., that the angle between 
QT produced, and FTia equal to the supplement of 

(POir+ STH). 

Again, lT8P+ BTH:=^ supplement of [POH-v QHT). 

Hence external angle = QHT-^ P8T 

^\PHQ^iP8Q. 

76. Prove also that 

Z 8PT+HQT+ STH = two right angles. 

77. The angle between the tangents at the extremities 
of a chord which passes through either focus is half the sup- 
plement of the angle which the chord subtends at the other 
focus. 

78. The acute angles, which the focal radii to any two 
points on an ellipse make with the tangents at those points, 
are complementary. What is the least value of the eccen- 
tricity for which this is possible? 
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79. A^ B' are fixed pomts in a straight line whose ex- 
tremity is P. If A' J B' move along two fixed straight lines 
which intersect at right angles in (7, then P will trace out 
an ellipse. 

Draw PA'B\ parallel to pCj to meet the axes (fig., 
Prop. xviTi.) 

Then PA\ PB' are equal to C4, CB respectively. 

80. Prove also that the normal at P passes through an 
angular point of the rectangle which has CA^ CB for ad- 
jacent sides. 
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CHAPTER V. 

THE ELLIPSE CONTINUED. 

One diameter is said to be the conjugate to another when 
the first bisects chords parallel to the second. 

This definition is evidently consistent (Prop. Xil., Cor., 
p. 15) with the following, which is sometimes used. 

One diameter is said to be conjugate to another when 
the first is parallel to the tangent at an extremity of the 
second. 

Supplemental Chords meet on the curve and pass through 
opposite extremities of the same diameter. 

Fbop. I. If one diameter he coryugate to a second^ the 
second toill be conjugate to the first. 

Draw the supplemental chords OP, OP', and bisect them 
by the diameters CB, CQ. 

Then CQ^ which bisects 
FP^ and OP is paraUel to 
OP. [Euc. VI., 2. 

Hence CEhi&ecta chords 
parallel to CQ and is there- 
fore conjugate to CQ. 

Also CQ will be con- 
jugate to CB. 

For, since CB bisects chords PP and OP*, it is parallel 
to PC. Hence, CQ bisects chords parallel to CB^ and is 
therefore conjugate to CB. 
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C!ofi. OPj OF are parallel to CB^ CQ^ whidi are con- 
jugate. Hence, snpplemental chorda are parallel to conjugate 
diameters* 

Pbop. IL jy the sempdiaimeiers CPj CD he conjugate^ and 
the ordinates NP^ BD he produced to meet the auxiiUary circle 
in Pj d respectively^ then pOdis a right angle. 

The tangent at P ia parallel to CD^ since CD is con- 
jugate to OP. 




Let this tangent meet the axis in T. Draw 7^. Then 
by similar triangles PNT^ DBC, 

PNiDB^NTiBG. 
But pN : PN= GA : CB [Prop, xviii., p. 64, 

es dB : DB^ similarly. 
Altemando pN:dB = PN: DB 

==NT: BGj from above. 
Hence Gdj Tp are parallel. But TpG ia 9l right angle 
since Tp touches the circle. [Prop, xx., p. 66. 

Therefore the alternate sjigle pCd is a right angle. 

Cob. The condition that GD should be parallel to the 
tangent at P is that pGd should be a right angle. This is 
also the condition that CP should be parallel to the tangent 
at Dj which proves Prop. i. 
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Peop. m. If CN^ OR he the ahscisscB of P, J9, the ex- 
tremities of conjugate semirdiameters^ then 

PN:CB==CB:CA, 

and DIi:CN=^CB:GA. 

Let the ordlnates of P, D meet the aoxiliaiy circle in 
Pf d respectively. Then jpOd is a right angle. [Prop. ii. 

Hence Zjp CN= complement of dCB = CdBj 

and the triangles ^C^A^, CdB are similar. 
They are also equal, smce Cp = Cd. 

Therefore ^-N*= CB and dB = GK 
But PN:pN=CB: CA. [Prop, xviii., p. 64. 

Therefore FN: CB^CB : CA. 

Similarly DB : GN^CB : GA, 

COE. By Euc. I., 47, Gd^ = rf^ + CB». 
But dB = GNj from above ; and Gd=^ GA. Therefore 

GA' = ON' + GB\ 

Similarly, by means of the circle on the minor axis, it may 

be proved that 

^ GB^^PN^^-DB?. 

Peop. IV. to prove that 

PQiGD^GBiGA, 
and PgiGD^GA'.GA^ 

where GD is the semi-diameter conjugate to GPj and POg iJie 
normalj meeting the aaces in (?, g. 

Since CjD, being conjugate to CP, is parallel to the tan- 
gent at P, it is therefore perpendicular to PO. 

Draw the ordinates PN", DB. 

Then the angles PON^ DGB are complementary and 
PONj DGB are similar triangles. 
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. Therefore PGiCD^PNiCB 

= CB : CA. [Prop. in. 

Similarlj it may be proved, by means of the minor 
auxiliary circle, that 

PgiCD^OAiCB. 
Cob. Hence PG.Pg^GIJ^. 

Pbop. V. 7%6 paralMogram formed by drawing tangents 
at the extremities of a pair of conjugate diameters PP^ DU is 
of constant area. 

Let the normal at P meet Diy in jPand the major axis in G. 




Then 
Altemando 
But 
Therefore 

6r 



PQ : CD = CB: CA. [Prop. it. 

Pa'.GB=CD:CA. 

PF.PG = GB\ [Prop, xiv., p. 61.' 

CB:PF=PG:CB 

= CD : (X4, from above, 

PF.CD = CA.CB. 



It is evident from the figm% that the area of the cir- 
cumscribing parallelogram is equal to iPF.CDj that is to 
iCA.CB or AA'.BB'. 



THE ELLIPSE CONTINUED, 



79 



PfiOP. VI. Tangenta draum to an. ellipse from the same 
point are to one another as the parallel semi-diameters. 

In fig., p. 9, let the diameter parallel to the tangent at 
P meet fiP in Aj and the normal in F. Then TPL, PkF are 
similar right-angled triangles. 

Therefore TP : TL = Ph : PF 

= GA : PF. [Prop, xiil., p. 60. 

Let CD be the semi-diameter parallel to TL, 

Then PF.CD = CA . CB. [Prop. v. 

Therefore CD:CB=CA:PF 

= TP : 2!L, from above. 
SimUarly CD' : CB= TQ : Tif, 

where CZ>' is the semi-diameter parallel to TQ. 

Hence TPiTQ^^CD : CD^ 

TMj TL being equal, as in Prop, vi., p. 9. 

Pbop. VII. To prove that 

8P.EP=^CD', 
where CP^ CD are conjiyate semi-diameters. 

Draw the normal at P, meeting the major and minor 

t 




axes in (?, g respectively. Then, since a circle goes round 
SPHff (Prop. VI., p. 55)^ the angles PSffj PgH^ in the same 
segment, are equal. 
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Also L 8Pg = HPa. [Prop, iv., p. 54. 

Hence BPg^ EPO are similar triangles, so that 

BPxPG^PgiPH. 

Therefore SP.HP^PG.Pg 

= Giy. [Prop. IV., Cor. 

Note. Let the tangent at P meet the axes in T^ t. Then 
by similar right^gled triangles PGT, Pgt, 

PT.Pa^PgiPt. 

Therefore PT.Pt^PQ.Pg 

= CI^. [Prop. IV., C!or. 

Pbop. VIII. To prove thai 

CP' + Ciy^^CA' + CB^ 

where CP^ CD are conjugate semi-diameters. 

Since (7 is the middle point of SH (fig., Prop. Vil.), therefore 

Also 28P.PH= 2 CZ?*. [Prop. vii. 

But the square on SP+PH^ or on 2(X4, is equal to 
the squares on SPj PR together with twice the rectangle 
BP.PH. [Euc. n. 4. 

Therefore, from above, by addition, 

4C^« = 2aP4 2(72?» + 2(7iS". 

Hence CP' + CJy=^CA' + GA'-C8' 

= CA"" + CB\ [Prop. VIII., p. 57. 

Or thus: 

Let CNf CJt be the abscissie of P, D, respectively. 
Then it may be shown, as in Prop. lii., Cor., that 

and PNUDH^^CB*. 

* Todhunter's Euclid, Appendix. 
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By addition, since 

ay« + PJV* - Ci" and CJP + D2P « CZ^, 
therefore CP" ^Clf = CA^ + CB*. 

Pbop. IX, Top'ove that 

tohere CVis the abscissa of any point Q on the ellipse^ measured 
along a diameter which meets the curve in P^ and T the point 
in which the tangent at Q m^eets CP. 

Let the tangent at P, which is parallel to QV^ meet QT 
in B. Complete the parallelogram QBPO. 




Then the diagonal SO bisects PQ and is therefore a 
diameter. [Prop. xiiL, p. 16. 

Let it be produced to the centre C. 

Then, since QVy BP are parallel, and also QTj OP^ by 
construction, therefore 

CV:CP:^00:CB [Euc. vi., 2, 

« CP : CT, simUarlj, 

or CVlCT^ CP". 
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Pbop. X. If TPP he any dtamOer and TQ the tangent 
aJt a point Qj whose abscissa is CV^ then 

TO.TV^TP.TP. 

Let the tangents at P^ Q meet in R. Draw PQ. 

Then CB is parallel to FQ^ since it bisects PF and 
also PQ. [Prop, xii., p. 16. 

Also QF, £P are parallel. 

Therefore TGiTF^TBi TQ [Enc vi., 2, 

= TP : TV^ similarly. 
Therefore TG. TV^ TP. TP\ 

PfiOP. XI. The tangent and ordinate at Q meet the diameter 
PGF in Tj V respectively. To prove that 

TPiTF^PViFV. 

Let the tangents at P, P, which are parallel to QV^ meet 
the tangent si QiaB^ B! respectively. 

Then the tangents BPj jBQ are as the parallel semi- 
diameters, and therefore as the tangents EF^EQ. [Prop. Yi. 

Altemando BPxFF^BQiEQ. 

But BQ : EQ^PV: PF, [Euc. vi., 10, 

and BP : EF^ TP : 2!P, by similar triangles. 

Therefore TP\TF ^PYx FV. 

Cor. The lines TP, TF, TF are in harmonical pro- 
gression, since the first is to the third as the difference be- 
tween the first and second to the difference between the 
second and third. 

Note. Any one of the last three propositions being as- 
sumed, the others follow by Euc. ii. 
. For example, let Prop. x. be assumed. 

Then TC' - TG. GV^TG"^ GF, 

or CV.GT^GF. 
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Prop. XIL If (7F, QV be the abadasa and ordinate of 
any point Q on iJke dlipee^ then 

where CP is the semi-diameter on which OV is measured and 
CD that parallel to Q V. 

Draw Qv^ an ordinate of CD^ and let the tangent at Q 
meet CD^ CP produced In ^, jT respectively. 




Then QV\ FT=: Ct : CT^ by simUar triangles, 

and QViCV^CviCV, 

since QV^ Cv are equal. 

Therefore Q F* : CV. Fr= Ov.Gti GV. CT 

= GZ)* : CP. [Prop. ix. 

But CV. VT^ CV. CT-- CV ^CP"- CV\ [Prop. ix. 

Therefore QV^ xCP'-^CV^^Ciy : GP. 

Note. Let PC meet the curve again in P. 

Then Cr^-CV^ PV. VP. [Euc. ii., 5, Cor. 
Therefore QV : PV.VF^CIT : (7P» (i). 

Again, Qt; is an ordinate of the diameter CPj therefore 

Qv"" : CUf'-Cv'^^CP' : CI]^, [Prop. xii. 

or (7F«:(XD*-(2F"=GP:GD» (ii), 

(I) and (ii) are different forms of Prop. xir. 

g2 
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PbOP. Xin. The rectangle contained hy the eegmenta of 
a chord PQ which passes through a fixed point hears a con- 
stant ratio to the square on ^parallel semi-diameter GD. 

Also the rectangles contained hy the segments of any two 
intersecting chords are to one another as the squares of the 
parallel semi-diameters. 

Let the semi-diameter CP bisect the chord in V and let 
qvhe the ordinate of the point in which CO produced meets 
the curve. 

Then, since QVj CV are the ordinate and absdssa of Q^ 




therefore CD'-^QV^i CV* = CP^ : CP [Prop, xii., Note, 

= CC — qv* : Ct?*, similarly. 

Also F* : (7F* = qv* : Cv\ [Euc. vi., 2, 

since the ordinates QV, qv are parallel 

Therefore GZ)"~GFH(9F':CF»=CZ)»: Ct;'.[Euc.v.,24. 

But C.Vi Cv is equal to CO : Cq, which is a constant ratio 
since 0, q are fixed points. 

Hence CB'-QV' + OV'' : CD" is a constant ratio. 

Therefore QO.OR, being equal to QF^-OF* (Euc.ii.,5, 
Cor.), bears a constant ratio to CD^. 

Again, take any other chord QE, passing through 0, 
and let CD be the parallel semi-diameter. 
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Then, since QO.OB : CL^ Is constant for all chords 
through (?, therefore 

QO.OB : Ciy^QO.OE : CD'". 

Cor. 1. Let the chords move parallel to themselves until 
they become tangents. Then the rectangles become the 
squares of tangents drawn from an external point. Hence 
tangents drawn firom the same point are as the parallel 
fiemi-diameters. 

Cor. 2. The ratio CD : Ciy is constant for all pairs of 
chords parallel to QR and QB!, Hence the rectangles con- 
tained by the segments of any two intersecting chords are as 
the rectangles contained by the segments of any other two 
chords parallel to the former. 

One or more of these chords may be supposed to become 
tangents as in Cor. 1. 

Cor. 3. In Cor. 2 let one pair of chords pass through the 
focus. Then, by Prop. Xl., p. 13, the rectangles contained 
by the segments of any two intersecting chords are to one 
another as the lengths of the parallel focal chords. 

Prop. XIV. If a circle and an ellipse intersect in four 
points their common chords will he equally inclined to the axis 
of the ellipse. 

Let Q, B^ Q'j B be the points of intersection and let QB 
cut QB in 0. 

Then the rectangles QO.OB^ QO.OB are as the squares 
on piirallel semi-diameters of the ellipse. ' [Prop. Xiii. 

But these rectangles are equal by a property of the 
circle. [Euc. III., 35. 

Hence the diameters parallel to QB^ QB are equal and 
therefore equally inclined to the axis. 

It follows that QB^ QB are equally inclined to the axis. 

Similarly QB^ QB and QQ^ BB are equally inclined 
to the axis. 
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PfiOP* XY. The tangent at P meets any diameter in T and 
the conjugate diameter in t To prove that 

PT.Pt^CJy, 

where CD is the eemi-diameter paraUel to Fl 

Draw PVj Dv^ ordinates of the diameter CTj and PM an 
ordinate of (X 




Let the tangent at D^ which is parallel to CPj since CP^ 
.CD are conjugate, meet TO produced in t 

Then the rectangles CV.CT and Ov.Ci are eqnal to one 
another, since they are both equal to the square on the same 
semi-diameter. [Prop. ix. 

Therefore CV: Gv^Ct' i CT. 

But the ratio OVi Cvy that is Pif : CTi?, is equal to Pt : CD^ 
by fflmilar triangles PlM^ CDv. 

Therefore PttOD^ Ci : GT^ from above, 

^CDxPT, 

by similar triangles CBi^ OPT. 

Therefore PT.R^CL^. 
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FfiOP. XVI. If a chord pass through a fited pointy the 
tangents at its eastremitiea wiU intersect on a jhed straight line. 

Draw COy through the fixed point (7, to meet the curve 
in P, and let T h^ the point of intersection of tangents at 
the extremity of the chord which is bisected in 0. 




Draw Cop^ bisecting in o any chord through 0^ and meet- 
ing the curve in p. 

Draw pU Bn ordinate of the diameter through (?, and let 
Tty drawn through T parallel to Up^ (and therefore fixed)^ 
meet Opmt. Let CO produced meet the tangent at j? in F. 

Then CO.CT^OP'^CU.CV. [Prop.ix. 

Therefore CO lOV^CUiOT. i 

But, by similar triangles, CO is to CV as Cb to Cp^ and 
CU to CT as Cp to Ct. 

Therefore CoiC^^CpiCt. 

Hence Co.Ct^Cp\ 

and the tangents at the extremities of the chord Oo intersect 
in t. [Prop* IX. 

Also 71 is a fixed straight line. [Construction. 

Note. As in the case of the parabola, b called the pole 
of lY, and'2l the polar of 0. 
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PfiOK XVIL Iffromainy point tjtpp' he drawn ia meet ^ 
eUijpse in p^ p'y and the chard of contact of tamgents through t 
in Oj then tpcp' mil be cut harmonically. 

Draw Oe to the middle point of pp' and produce it to 
meet the cnrv^e in Q. 




Let the ^ameter PP bisect in the chord of contact of 
tangents through t. 

Draw QVj an ordinate of this diameter, and let the tan- 
gent at Q meet the diameter in T. 

Then TQ : tc=^TG: tC^ 

by similar triangles TQC^ tcC'y 

and TQito^TVitOj 

by similar triangles TQV^ toO. 

' Therefore TQ" : tc.to= TG.TV : tCtO 

^ TP.TF itP.tr [Prop. X. 

= TQ^ : ^2^.<p'. [Prop.xiii.,Cor.2. 

Hence tc,to = tp,tp'j or 2tp,tp'ssta(tp + tp')j since c is the 
middle point oi pp\ 

: PfiOP. XVIIL The areas of iJte ellipse and auxiliary circle 
are as CB to GA. 

Let P, Q be the adjacent points on the ellipse. 

Produce the ordinates NP^ MQ to meet the auxiliary 
circle in jp, q respectively, and draw PQ^ pq. 
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Then since PN and QM are to pN and qM respectively 




at) (Jx/ to CA (Prop, xviii., p. 64), therefore the rectilinear 
are is PQMN.pqMN are as CB to CA. , 

Let a series of rectilinear figures CQ^ MP^ ... be inscribed, 
as above, in the elliptic quadrant ACB. Produce the ordi- 
nates of the points C, P, ... to meet the auxiliary circle in 
p^q^ ... respectively, and complete the figures Cq^ Mp^ .... 

Taen since each of the figures CQ^ MP^ ... is to the 
corre<,^)onding figure in the circle as CB to CA^ the sum of 
the first series of figures is to that of the second in the same 
ratio. [Euc. v., 12. 

This is true whatever be the number of the figures. 

Let the number of the figures CQ^ MPy ... be increased 
and the breadth of each diminished indefinitely, so that the 
sum of their areas becomes equal to the elliptic area ACB. 

Then the sum of the rectilinear areas Cq^ Mp^ ... becomes 
equal to the circular area ACh. 

Hence the areas ACB^ ACb^ and therefore those of the 
ellipse and circle, are as CB to CA. 
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EXAMPLES. 

1. liPQP be achardof the drde described on the major 
axis of an ellipse, and a drde be described on the minor axis 
cutting the chord in ©, Q^ then PQ.PQ^CS". 

2. Giyen, the length of the axis of an ellipse, and the 
podtions of one focos and a point on the curve; give a 
geometrical construction for finding the centre. 

3. On the normal at P, PQ Is taken equal to the semi- 
conjugate diameter CD. Prove that the locus of Q Is a drde 
whose radius is equal to half the difference of the axes. 

4. A drde can be described passing through the foci 
and the points in which any tangent meets the tangents at 
the vertices. 

5. The sum of the squares of normals at the extremities 
of conjugate diameters is constant. 

6. The tangent and normal at P and a perpendicular 
firom that point meet the minor axis In t^ g^ n. Prove that 
Pn.gt=^CL^. 

7. The tangent at P meets any two conjugate diameters 
in r, e, and T8^ tH intersect In Q. Prove that 8PT^ HPt^ 
TQt are similar triangles. 

8. If CP be conjugate to the normal at Q^ CQ will be 
conjugate to the normal at P. 

9. Given two conjugate diameters ; determine the direo- 
tlons of the axes. 

10. Tangents are drawn to confocal ellipses from a given 
pomt in the axis ; prove that the normals at the points of 
contact pass through a fixed point. 
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11. <7P, CD are conjugate Beml-diameters, and the tan- 
gents at P, D meet in T. Prove that 8T^ HT meet CP^ CD 
in four points which lie on a circle. 

12. H AQ be drawn from one of the vertices perpen- 
dicular to the tangent at any point P, the locus of the point 
of intersection of PiS^, QA will be a circle. 

13. If the tangent and normal at P meet the axis in 
Tj Gj and TQ touch the circle on AA* in Q^ then 

TQ : TP=^ CB : pa. 

14. TPj TQ are tangents to an ellipse and PQ meets the 
directrices in JS, jB' ; prove that 

BP.BP: BQ.BQ^ 2!P : Tq^. 

15. The points in which the tangents at the extremities 
of the transverse axis of an ellipse are cut by the tangent 
at any point of the curve, are joined one with each focus ; 
prove that the point of intersection of the joining lines lies 
in the normal at the point. 

16. Two conjugate diameters of an ellipse are cut by 
the tangent at any poiht P in M^ N] prove that the area 
of the triangle CPM varies inversely as that of the tri- 
angle CPN. 

17. P is any point on the ellipse. To any point Q on 
the curve AQ^AQ are drawn meeting NP in 5, 8\ prove 
thai NB.NS^NP". 

18. When is the sum of two conjugate diameters least? 

19. The tangent at the vertex cuts any two conjugate 
diameters in T, iT; prove that -47.^1 2^ = 05*. 

20. If any two chords ABy OBj which are not parallel, 
make equal angles with the axis, the lines AC^ BD will 
make equal angles with the axis. 
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21. If PT be a tangent to an ellipae, meeting tbe axis 
in T^ and AP^ AP prodnced meet the straight line drawn 
through T^ perpendicidar to the major axis, in Q^ B^ then 
QT^BT. 

22. Show that in eveiy ellipse there are two eqoal con- 
jngate diameters, coindding in direction with the diagonals 
of the rectangle which touches the ellipse at the extremities 
of the axes. 

23. The normal at P cats the axes in (7, ^ ; prove that 
the length of the tangent from P to any circle which passes 
through the points O and g is equal to CD. 

24. Prove that CL^ = PG^ + SQ . GH. 

25. Prove that (iSP- CAf + {SD-'CA^^ CS\ 

26. If PQ be the focal chord which is parallel to CD^ 
then PQ.CA^2C]y. 

27. If from the extremities of any diameter chords be 
drawn to any point in the ellipse, the diameter parallel to 
these chords will be conjugate. 

28. Normals are drawn to an ellipse at the extremities 
of a chord parallel to one of the equi-conjugate diameters. 
Show that the locus of their intersection is a line through the 
centre perpendicular to the other equi-conjugate diameter. 

29. The tangents 2!P, TQ meet the diameters QO^ PG 
in P*, G' ; prove that the triangles TQF, TPQ are equal 

30. If PBp be a focal chord of an ellipse, and along SP 
there be set off 8Q a mean proportional between BP and Bp^ 
the locus of Q will be an ellipse having the same eccentricity 
as the original ellipse. 

31. A tangent to an ellipse, whose foci are 5, H^ meets 
two given conjugate diameters in T, < ; T/S, tH meet in P, 
show that the locus of P is a circle. 
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32. From any point P of an ellipse PQ is drawn at right 
angles to SP meeting the diameter conjugate to CP in Q^ 
prove that PQ varies inversely as the perpendicular from P 
on the major axis. 

33. The loci of the middle points of PQ^ Pg are ellipses, 
where POg is normal at P. 

34. A series of ellipses have their equal conjugate dia- 
meters of the same magnitude, one of them being fixed 
and common, while the other varies. The tangents drawn 
from any |^oint in the fixed diameter produced will touch 
the ellipses in points situated on a circle. 

35. If two ellipses having the same major axes be in- 
scribed in a parallelogram, the foci will be on the comers 
of an equiangular parallelogram. 

36. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in T. Prove that as CT ap- 
proaches and ultimately coincides with the semi-major axis, 
PTand QTare ultimately in the duplicate ratio of the axes. 

37. Tangents to an ellipse are drawn from any point on 
a circle through the foci ; prove that the lines bisecting the 
angles between the tangents all pass through a fixed point. 

38. P, Q are points on two confocal ellipses at which 
the line joining the common foci subtends equal angles; 
prove that the tangents at P, Q contain an angle equal to 
that subtended by PQ at either focus. 

39. If QQ be any chord parallel to the tangent at a 
given point P of an ellipse, the circle round QPQ' will meet 
the curve in a fixed point. 

40. If the tangents at P, Q^ R intersect in R^ Q\ P, then 

PR.P'Q : PQ'.R'Q^FR : QR. 
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41* An eUIpse is inscribed in a triangle A^ Bj C; prove 
that if a, &, c be the points of contact, the straight lines Aa^ 
Bbj Cc will pass through the same point. 

42. Two ellipses, whose major axes are equal, have a 
common focos ; prove that they intersect in two points only. 

43. In an ellipse Ppj Dd are conjugate diameters ; E is 
taken in i^ so that PEiEp^CL^ : 01^; EF is drawn 
parallel to Dd^ meeting the normal PF\ OFH being any 
chord of the ellipse, prove that OPH is a righ^ angle. 

44. A parallelogram is inscribed in an ellipse, and from 
any point on the ellipse two straight lines are drawn parallel to 
the ndes of the paraUelogram; prove that the rectangles undar 
the segments of these straight lines, made by the sides of the 
parallelogram, will be to one another in a constant ratio. 

45. Normals at P and D^ the extremities of semi-conjugate 
diameters meet in j^; show that KO is perpendicular to PD: 

46. The tangent at a point P of an ellipse meets the 
auxiliary circle in a point Q^ to which corresponds Q on the 
ellipse. Prove that the tangent at Q cuts the auxiliary circle 
in the point corresponding to P. 

47. The locus of a point which cuts parallel chords of a 
circle in a given ratio, is an ellipse having double contact 
with the circle. 

48. Y8Z is drawn through a fixed point 8^ meeting two 
fixed straight lines in F, Z. Prove that the envelope of the 
circle on YZ is an ellipse having 8 for focus. 

49. If a chord parallel to the axis meet the ellipse in 
P, P', and if P Q, P C be chords equally inclined to the axis, 
then QQ is parallel to the tangent at P. 
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60. PSp^ QOq 9,re any two paraUel chords through the 
focus and centre of an ellipse, prove that 

8P.8p : OQ.Gq^ GE" : CA\ 

51. If the diameter conjugate to CP meet 5P, HP in 
jg; ^; then 8E=±BF mA the circles described about SCE, 
HCF are equal. 

52. The common diameters of two equal, similar, and 
concentric ellipses are at right angles to one another. 

53. If GM^ MP be the abscissa and ordinate of any point 
P on a circle whose centre is (7, and if MQ be taken equal 
to MP and inclined to it at a constant angle, the locus of 
Q is an ellipse. 

54. The tangent at a point P of an ellipse meets the 
tangents at the vertices in F, F' ; on VV as diameter a circle 
is described, which intersects the ellipse in Q, Q] show that 
the ordinate of Q is to the ordinate of P as GB to GB+GJD. 

55. From the extremity P of the diameter PQ^ in an 
ellipse, the tangent TPT* is drawn meeting two conjugate 
diameters in T, T. From P, Q the lines PBj QB are drawn 
parallel to the same conjugate diameters. Prove that the 
triangle PQB is to GA.GB as G A. GB to the triangle GTT. 

56. PGP is any diameter of an ellipse. The tangents 
at any two points JD and E intersect in P. PE^ PD intersect 
in O. Show that FQ is parallel to the diameter conjugate 
to PGF. 

57. 8Q^ HQ are drawn perpendicular to a pair of con- 
jugate diameters. The locus of Q is a concentric ellipse. 

58* A parabola of given latus rectum is described touching 
symmetrically two conjugate diameters of an ellipse; find 
the locus of the focus. 
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59. If ^Q be drawn from one of the yeriioes of an effipse 
perpendicular to the tangent at any point P, prove that the 
locos of the intersection of P8^ QA will be a circle. 

60. Z!P, TQ are tangents to an ellipse at the points^ P, Q. 
Prove that fiP, ffP, 8Q^ EQ are tangents to a circle de- 
scribed with T as centre. 

61. Supplemental chords PX, PL' are equally inclined to 
a chord PQ^ normal at P. Prove that LL' bisects PQ. 

62. A^ Bj C are three points in a straight line ; with A^ B 
as foci an ellipse is, described passing through C7, and with B 
and C as foci another ellipse is described passing through A 
and intersecting the former in P. If PN be drawn perpen- 
dicular to 04, prove that AP+ GP^PN^ CA. 

63. If the normal at P in an ellipse meet the axis minor 

in O^ and if the tangent at P meet the tangent at the vertex 

A in Vx show that 

SGiSC^PViVA. 

64. ABC is an isosceles triangle of which the side AB 
is equal to the side AC. BD^ BE^ drawn on opposite ^des 
of BO and equally inclined to it, meet CA in D^E. K an 
ellipse is described round BDE having its axis minor parallel 
to CB^ then AB will be a tangent to the ellipse. 

65. Show that, if the distance between the foci of an 
ellipse be greater than the length of its axis minor, there will 
be four positions of the tangent for which the area of the 
triangle included between it and the straight lines drawn 
from the centre of the curve to the feet of the focal perpen- 
diculars upon the tangent, will be the greatest possible. 

66. Prove that the distance between the two points on 
the circumference of an ellipse at which a given chord, not 
passing through the centre, subtends the greatest and least 
angles, is equal to the diameter which bisects the chord. 



EXAMPLES. 



97 



67. In Ex. 61, prove that LP^-PL Is constiuit. 

68. The rectangle contained bj the radii of the Inscribed 
and circnmscribing circles of the triangle SPH varies as the 
square of the conjugate diameter. 

69. The ordinates of all points on an ellipse being produced 
in the same ratio, determine the locus of their extremities. 

70. The central radii of an ellipse being produced In a 
constant ratio, the locus of their extremities is an ellipse* 
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CHAPTER VL 



THE HYPERBOLA. 



The definition on p. 1 applies to the hyperbola, the ratio 
spoken of being in this case a ratio of greater inequality. 

Let the curve cut the axis in Aj A\ Bisect AA* in C. 
Take a point H in the axis such that CH'=^ C8j where S is 
the given focus. Then, for a reason which will appear 
(Prop. IV.), H is called a focus. 

Thus S^ H are the Foci. Also C is the Centre^ and A^ Al 
are the Vertices. 

It has been shown, on p. 5, that a straight Ime drawn 
parallel to the axis of a hyperbola meets the curve in two 
points which are situated on opposite sides of the directrix, 
so that the hyperbola consists of two branches having their 
convexities in opposite directions. 

Compare the first figure on p. 10. 

It is hence evident .that no straight line drawn perpen- 
dicular to the axis and intersecting it between the vertices 
will meet the curve. 

It will however appear tiiat, in the case of the hyperbola, 
the points J?, J?', determined as follows, correspond to the 
extremities of the minor axis in the ellipse. 

Through G draw a straight line perpendicular to the axis, 
and on it take points J?, B'^ equidistant from (7, such that 
CB'^C8'^GA\ 

Then AA' is called the Major and BB* the Minor 
Axis. . 
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These terms are employed as being ansdogous to those 
used in the case of the ellipse. In the case of the hyper^^ 
bola AA is not necessarily greater than BB\ 

AAl is sometimes called the Transverse and BB* the <7ow- 
jngate axis* Also^ when the axis is spoken of^ A A! is 
always signified. 

Note* A hyperbola is sometimeB defined as the locus of a point (P), 
the difference of whose distances from two fixed points (8, H), called 
foci, is constant. The property in question follows, as in Prop, ill., 
£rom the definition employed in the present Chapter, The converse 
proposition is proved in the Appendix. 

It is shown in the Appendix that all diameters pass 
through the centre. 

A diameter is sometimes defined sb a straight line drawn 
through the centre. In this case it may be shown, conversely^ 
that every diameter bisects a system of parallel chords. 

The term Ordinate being defined as for the parabola 
(p. 24), CV is the Abscissa of Q» 

Note. Let F be any point on a hyperbola which has 8 
for focus and MX for directrix. Let A be one vertex and 
PJkf perpendicular to MX. 

Then 8P:FM=^8A%AX^ [Def. 

and 8P : Pilf = C8 : CA. (Lemma 1., p. 51. 

Peop. !• If PM he the perpendicular upon the directrix 
MX from any point P on a hyperbola^ then SM^ drawn from 
the focus 8 J meets the normal at Pen the minor axis. 

Let 8M meet the minor axis Gg in g^ and produce gP to 
meet the major axi& in O. [fig., p^ 101. 

Then, by similar triangles 80g^ ^Pg^ the ratio 8Q : PM 
is equal to 8g : Mg^ which is equal, in like manner to C8\ nM. 
Also «if = ex. 

R2 



100 THE UtPERBOLA. 

Therefore SO : PJf = CSi CX. 

But PMi 8P^ CA : 08. {Note^ p. 99. 

Therefore 8G: SP^CA: CX [Euc. v., 22. 

= 8A : AX^ [Lemma it., p. 51. 

which proves that PG i& normal at P. [Prop, ix., p. 12. 

Prop. II. If ike normal at P meet the major and minor 
'axis in <?, g respectively^ then 

PG:Pg^CB':CA\ 

Draw PM perpendicular to the directrix MX^ an4 let- 8M 
meet the minor axis in g. Then, as in Prop. I., Pg is th^ 
normal at P. Let it meet the major axis in G, 

Then ^^ is to 2^ as ^87 to -% (Euc. vi. 3), or as C8 to 
w3/, by similar triangles G8gy PMg. Also wJf = CX. 

' Therefore Gg : Pg^ C8 : CX 

= CS^ : C4*. [Lemma in., p. 51. 

Divideiido PGiPg^GS"^ CA* : CA* 

= CB*i CA\ 

Prop. III. The difference of the focal distance^ of ^ any 
point on the hyperbola is equal to the major axis. 

Let Aj A' be the yertices ; 8^ H ihe foci ; C the centre. • 
From any point P on the curve draw PM perpendicular 
to the directrix MX^ and let M8 meet the minor axis in g. 
Draw ^P(? cutting the major axis in (?. 

Then ' 8G \ 8P=^ 8A : JX, as in Prop, i., 

^8P:PM. [Def 

Hence the triangles iSPG^, SPM are similar, since the 
•angles P8G^ 8PM Bxe equal (Euc. i. 29), and the sides about 
them proportional, 
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Therefore 



L SPO^SMP . [Epc. VI., 6. 

-=^g8H [Euc. I., 29. 

-gE8^ [Euc. T., i. 

since CH^ C8 and gC ib common to the right-angled tri- 
angles gCHj gC8j which are therefore equal in all respects. 

Therefore LgH8-\- 8Pg = 8PG + 8Pg = two right angles. 

Hence, a circle goes round gP8H. [Euc. iii., 22. 
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Produce HP to F. Then z FP(? -^gPff. [Euc. r., 15. 
Also L SPG=gSII^ from above, and gSH^gPHj in the 
same segment. . 

Therefore z 5P(? = VPG. 

Therefore the ratio EG : HP is equal to 8G : 8P 
(Euc. VT., A), that is, from above, to 8A:AXj or to 
C8 : (74. [Lemma i., p. 51. 

Altemando HG :08^HP:CA^ 

and 8G:C8=8P:CA. 

Therefore HG-8G: C8=HP'-8P: CA. [Euc. v., 24, Cor. 

But HG - 8G is equal to 8H or 2 G8. 

Therefore .SP^ 8P is equal to 2 (li or the major axis. 
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Prop. IV. Every hyperbola has two directrices. 
The saeme constraction being made as in the last propo* 
sition, it maj be shown that 

8Gi8P^8A\AX, 
and that a circle goes round gSPH^ 




Therefore l gPH^ gSH^gHS. [Euc. in., 21, and i., 5. 

Let PM meet the minor axis in n and gH in N. Draw 
NW io meet the major axis at right angles in W. 

Then, since CH=C8^ therefore (Euc, vi., 3) nN^nM^GX. 
Hence NWie a fixed straight line* 

But LgPH=gHSj from above, 

^gNP. [Euc. L, 29. 

Ako, the alternate angles Q-HPyHPNsx^ equal. 
Hence the triangles BPN^ EPG are similar, and 

EPiPN^HGiHP 

= 8G : iSP, as In Prop. iii. 

Therefore, from above, HP beiu« to PN the constant ratio 
of 8A to AX. 

Hence NW has the same properties as the directrix MX. 

Note. If the result of this proposition be assumed, it may 
be proved, as in Prop, xv., p. 19, that 8P ^ P3 is constant. 
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PfiOP. V. The normal €U any paint is eqwjU/j ineUned to 
the focal distances of Ae point. 

Let the nonnal meet the axis in O, 

Then S<} : 5P= 8A : AX. [Prop, o:.,.p. 12. 

SimUarly EG : J2P= 8A : AX. [§ v., p. 18, 

Therefore SG : 8P:=^HCfi HP. [Euc. v., 22. 

Hence PG bisects 8PV^ the exterior angle at P. [fig., p. 101. 
Hence also Z /SP<? = G^Pr= -HP^. 

Prop. VI. The tangent at P bisects the angle 8PH. 
Draw Pt bisecting the angle 8PH^ and let the normal at 
P meet the axes in G^ g. 

Then L 8PG = HPG^ as in Prop. V, 

Also L 8Pt =HPt. {Constmction. 

By addition I. GPt ^gPt = a right angle. 

Therefore Pt^ being at right imgles to the normal is the 
tangent at P. 

Note. The method of Prop, v., p. 54 is here aj^licable. 

Pbop. Vn. The circle which passes through the foci and 
any point P on the hyperbola passes also through the points in 
which the tangent and normal at P meet the minor aods. 

Describe the circle 8Pn^ cutting the minor axis in g^ t. 
Then the equal straight lines t8^ tJH cut off circumferences 
which subtend equal angles gP8^ gPH. [Euc. ill., 27, 28. 

Hence Pt bisects the angle 8PH^ and is therefore the tan-> 
gent at P. Prop, vi. 

Again, gt bisects 8H at right angles and is a diameter 
of the circle. Hence the angle tPg is a right angle, and P/, 
being at right angles to the tangent, is the normal at P. 
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Pbop. Yin. I/TPjTQbe iangenii to oppoiiu branches 
of the 9ame hyperbola^ then 

lSTP^HTQ. 

Let 8Q^ HP intersect in 0. Pnrfnoe PS to V. 




Then zTflfF^Bupplemcnt of r/SP=T5^, [^bte,p.lO. 
therefore l T8V^ \ Q8V. Also I TP8^ \HP8. [Prop. vi. 

[Euc. I., 32. 

- [Euc. I., 32. 



Therefore 


lSTF=TSV-TPV 




^\Q8V-\EPB 




=iF08. 


Similarly 


lHTQ=^Q0H=\P08, 


Therefore 


8TP= L HTQ. 



Pbop. IX. The foot of the perpendicular drawn from either 
focus to the tangent at any point lies on the circumference of the 
circle described ujnm the major axi, as diarneter. 

Let CYj drawn parallel to JZP, meet the tangent PY 
in Y and 8P in 0. 

Then, because CO Is parallel to SP, and (7/8=^55, 
therefore CO^\HP (Enc. vi., 2), ^ 08^ \8P=^0P. 

Again lOPY:=^HPY [Prop.vi. 

::=OYP. . [Euc. L, 29. 

Hence Or==OP= 05, from above. 
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Therefore is the centre of the circle round BPY^ and the 
angle 8YP^ in a semi-circle, is a right angle. 




z 

Also CO-Or=ifiP-i/SP,fromahove, 

or CY=^CA. [Prop. III. 

Therefore T lies on the circle described upon AA'j and it has 
been shown that 8YP is a right angle. 

Similarly, if HZ be drawn to meet the tangent YP pro- 
duced at right angles, then Z lies on the circle described 
upon AA'. 

m 

Cob. Complete the parallelogram PYCh by drawing the 
diameter parallel to the tangent at P or perpendicular to 
the normal PF. Then Pk = CY^ CA. 

Prop. X. To prove that 

8Y.HZ^CB\ 

where 8Yj HZ are tie focal perpendiculars upon the tangent 
at any point P. 

Describe the circle on AA'^ passing through Z, Z (Prop. 
IX.), and let ZH meet YG in V. Then YV is a diameter of 
the circle, since YZVis a right angle. [Construction. 

Hence GY^CVj mi C8^CHj in the triangles 80Yj 
HCV. Also the vertical angles at C are equal. 
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Thereforo SY^HV. [Euc l, 4. 

Hence SY.HZ^ HV.HZ^ AH. HA' [Euc in., 36, Cor. 

Therefore BY. HZ^ CS" - C4" (Euc ii., 5, Cor.) = CB". 

Pbop. XL The normal at P meets the minor axis in g^ 
andgk meets 8Pat right angles in k. Tojprove that 

Pk^CA. 
Let gl meet HP at right angles in I. 



/ / V^ 

\ ' Arf*^^ » / II 

\ » ^.^^r » / II 

\/ --'^^ \/ 

M ,^,*«" i% If 

J c itis 



Then the right-angled triangles gPk^ gPl^ haxlng the 
angles gPk^ gPl equal (Prop, v.) and the side gP common, 
are equal in all respects. 

Hence Fk^Pl and gk^gl. 

Again, in the right-angled triangles gHl^ gSk^ the sides 
gH^ gS are equal and Z.gHl=:g8ky in the same segment, 
since a circle goes round gHSP. [Prop. vii. 

Hence the remaining sides are equal, each to each, so 
that HI = 8k. 

Therefore 8P+ Pk^HP- PI. 

Therefore Pk^Pl^ HP-- 8P= 2 GA. [Prop. iii. 

But Pkj PI are equal, from above. Hence either of them 
is equal to CA. 
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Cor, 1. By similar triangles PKO^ Pkg (fig., Prop, xil), 
PK is to Pk as PG to Py, or as CB» to CA^ (Prop. ii.). 
But Pk is equal to GA. 

Hence PKx GA^^CB" : Ol*. 

Therefore PKiCB^^^CB: GA. 

Hence PS". PA, that is PE.GA^ is equal to GB\ 

Cor. 2. Also CB is a mean proportional between GA and 
the aemi'latas rectum^ since the semi-latus rectum is equal 
to PK. [Prop. X., p. 12. 

Prop. XH. To prove that 

PF.PO^GB\ 
and PF.Pg =^GA\ 

F heing the point in which the normal .meets the diameter 
paralhl to the tangent at P, and O^ g the points in which it 
meets the minor and major axes respectively* 
Draw OK^ gk perpendicular to 8P. 




Then GF meets 8P in a point whose distance from P 
is equal to GA (Prop, ix., Cor.), and therefore passes 
through K [Prop. xi. 

Hence, by sinular right-angled triangles, PFk^ PKOy 

PF;Pk = PK:PG, 
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or PF.PG^PK.Pk 

= CB\ [Prop. XI., Cor. 1. 

Agabi PF : i% = P4 : i^, by similar triangles. 

Therefore ^ PF.Pg^PI^ 

^CA^. [Prop. XI. 

Prop. XIII. To prove thai 

CN.CT^CA\ 

T being the point in which the tangent at any point P meets 
the major axisj and PN the ordinate of P. 

Let the normal at P meet the minor axis in g^ and the 
diameter parallel to the tangent at P in i^. 




Draw Pn perpendicular to the minor axis and produce; 
let it cut FG in w. 

Then, the angles at n, Fj being right angles, the circle 
on mg passes through n, F. [Euc. iii., 31. 

Therefore Bi . Bn = PF. Pg [Euc. iii., 36, Cor. 

= CA\ [Prop. XII. 

But Ph^CNmi Pm^CT. 

Therefore . CN.CT^CA\ 
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r J?iOJf:XlY,Tx> prove that 

Cn.Ct^CB\ 

t being the point in which the tangent at any point P meets the 
minor axisj and Pn the perpendicular from P upon that qms. 

Let the normal at P meet the major axis in O and the 
diameter parallel to the tangent at P in F. 

Draw PN perpendicular to the major axis and produce 
NP to meet CF in M. 

Then, the angles at N^ F^ being right angles, the circle 
on MG passes through N^ F. [Euc. iii., 31. 

Therefore PN.PM^PF.PQ [Euc. iii., 36, Cor. 

= CB". [Prop. XII. 

But PN^ Cn and PJr= Ct. 

Therefore Cn.Ct=^CB\ 

Pbop. XVL If CN be the abscissa of any point Pon the 
hyperbola^ then 

PN*:CN*^CA'^CB^:CA\ 
and PN': AN.NA' ^CB^:CA\ 

where -4, A are the vertices. 

Let the tangent at .P meet the axes in T, t. Draw Pn 
perpendicular. to the minor axis. 

Then, by similar triangles PNT^ tCT^ 

PN : NT= Ct : CT. 
Also PN;CN=^Cn:CK 

since PN= On. 

Therefore PN* : CN.NT=Cn,Ct : GN.CT 
. • . = CB* : CLi*.[Prop8.xiii.,xiT. 

But CN.NT^ CN* - CN.CT^CN* - CA\ |Trop.xiii. 

Therefore PN* : CN* - CA* = CB* : CA*. 
Therefore PN*'iAN.NA' = CB* : CA*, 

siace . : :CNr^:CA*^AN.NA\ [Euc. ii., 5, Co*. 
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Pbop. XYIL Tangents to a hyperbola uihick indvde a 
right angle tntereect on a fixed circle. 

Let anj tai^ent intetsect the cirde upon AA' in the 




points Yj 2j and let a seoond tangent intersect the first at 
right angles in T. 

Let MTM^ a chord of the circle, cat the axis in N. 
Then MN^^TN^^^TM.TiT [Euc. ii., 5, Cor. 

^TT.TZ. [Euc*itL,35. 

But it may be shown, as in Prop. xvii. p. 63, that 

TY.TZ^CB\ 



Hence 



MN^=^TN^ + CB\ 



To each of these equals add CN\ 
Then CM^^Or + CB*. 



[Euc. 1., 47. 



Therefore 



^CA'-'CB^ 



which proves that T lies on a fixed chxle whose centre is C. 
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Pbop. XVIII. If PN be the ordinate of P and PG the 

normal^ then 

NO ; CN= CB^ : CA\ 

Let 'the normal meet the minor axis in g^ and 4ntw Pn 
perpendicular to CB. 




Then, by similar triangles PON^ Pgn, 

NOiPn^PGxPg 
^GB^vCAK 
Therefore NG : CN^ CB^ : CA\ 

Note. Similarly it may be shown that 

ngiCn^CA'iCB^ 



[Prop. II, 
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EXAMPLES. 

1. The dlflference of the distances of any point from the 
foci of a hyperbola will be grater or less than the major 
axis according as the point lies on the concave or convex 
side of the curve. 

2. If P be anj point on the curve, T any point on the 
straight line which bisects the angle 8PH^ then HT*^ ST is 
lesser than AA\ Hence show that the bisector of the 
angle between the focal distances of any point in the hjper* 
b6la is the tangent at that point. 

3. PN is the ordinate of a point P on the curve, NQ a 
tangent to the circle on AA' ; prove that 

PN:CB=QN:CQ. 

4. Hence show that' 

■ • 

5. If BY be peipenSIcalar to the tangent at P, ' 

8Y*iCB* = SPiiOA + aP. 

6. The tangent from the foot of the. normal at any point 
to the circle on AA' varies as the normal. 

7. Prove that GS.SX^GB* and deduce the length of 
the latus rectum. 

8. Circles described through any point P of the curve 
and the point in which the normal at P meets either axis 
intersect the focal radii of P in ^, K. Prove that PH^^ PK 
is constant. 

9. A circle touches &P, 8H produced in X, Jf, jand also 
touches JaPj prove that HM^AS and SM^A'S. 
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10. The locus of the centre of a circle toaching two fixed 
circles is an ellipse or a hyperbola. 

11. If the ordinate MP of a hyperbola be produced to Q^ 
30 that MQ = fi[P, find the locus of Q. 

12. If an ellipse and a hyperbola have the same foci 
they will cut one another at right angles. 

13. If on the portion of any tangent intercepted between 
the tangents at the vertices a circle be described it will pass 
through the vertices, 

14. If PM be an ordinate drawn firom a point P on the 
hyperbola^ MQ a tangent to the circle on the major axisy 
and PN parallel to QG^ then MN^CB. 

16. If any chord AP^ through the vertex of a hyperbola, 
be divided in © so that ^^ : gP= GA* : GB\ and QM be 
drawn to the foot of the ordinate J£P, show that QO^ drawn 
at right angles to QM^ cuts the transverse axis in the same 
ratio. 

16. If the tangent and normal at any point of the hyper* 
bola meet the transverse axis m T^ O respectivelyi then 
Ca.GT=G8'. 

17. Hence prove that GN. GT=^ GA% where GN is the 
abscissa of the point of contact. 

18. The circle on any focal radius touches the drcle on 
the axis. 

19. Given, in an ellipse, a focus and two points; the 
locus of the other focus is a hyperbola. 

20. Describe a hyperbola passing through three given 
points and having a given focus. 

21. A parabola passes through two given points and has 
its axis parallel to a given line. Prove that the locus of the 
focus is a hyperbola. 

I 
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22. If a circle be inscribed in the triangle formed by 
joining anj point on a hyperbola to the foci, the locns of its 
centre is the tangent at the vertex. 

23. If P be any point on a hyperbola whose foci are 8j H^ 
and a circle be described touching HP prodaced, 8P^ and the 
transverse axis, the locus of its centre will be a hyperbola. 

24. ON bemg the abscissa of a point P, NQ is drawn 
parallel to AP and meeting CP in Q. Prove that AQ \& 
parallel to the tangent at P. 

25. If tangents at P, Q cut off AR^ AK^ AL^ A'L from 
the tangents at the vertices A^ A\ then AB.A*B!=^AL,AL\ 

26. The curve which trisects the arcs of all segments of 
a circle described on a given base is a hjrperbola whose 
eccentricity is 2. 

27. A chord which subtends a right angle at the vertex 
meets the axis in a fixed point. 

28. Draw a normal to a conic from a given point on 
the axis minor. 

29. P is a fixed point on a conic, and from Q, any point 
in the ordinate of P produced, QYO is drawn, cutting the polar 
of Q at right angled in Y and meeting the axis in O, Prove 
that (? is a fixed point, and that QQ.QY is equal to the 
square of the normal at P. 

30. The chord of contact of tangents to a central conic 
through an external point P meets the axis in T\ PXG is 
drawn meeting the axis in G and cutting the chord at right 
angles in X. Prove that GQ.OT^ 8T.HT. 

31. Prove also that, if CAT, 8Y^ HZ be perpendiculars 
upon the chord, then GM.PG^GB' and 8Y.HZ^CM.YG. 
What do these theorems become when the point P lies on 
the curve? 
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32. If a pair of the chords of intersection of a circle and 
a conic be produced to meet a similarly situated conic, the 
four points of intersection will lie on another circle ; and, if 
the two conies be similar and concentric, the circles will bo. 
concentric. 

33. The normals to the circle on AA\ in a central conic^ 
at the points where the tangent at P meets it, bisect the 
focal radii to P. 

34. If a circle be described through any point P of a 
given hyperbola and the extremities of the transverse axis^ 
then the ordinate of P, being produced, meets the circle again 
on a fixed hyperbola. Also the axes of the first hyperbola 
and the conjugate axis of the second are proportionals* 

35. An ellipse and a hyperbola are described so that, 
the foci of each are at the extremities of the transverse axis 
of the other; prove that the tangents at their points of 
intersection meet the conjugate axis in points equidistant 
from the centre. 

36. The points of trisection of a series of conterminous 
circular arcs lie on branches of two hyperbolas ; determine 
the distance between their centres. 

37. Given a focus, a tangent, and one point on a hyper* 
bola ; determine the locus of the other focus. 

38. If, from a fixed point 0, OP be drawn to a g^ven 
circle, and the angle TPO be constant, the envelope of TF 
is a conic having for focus. 

39. If from the focus of a conic a line be drawn making 
a given angle with any tangent, find the locus of the point 
in which it intersects the tangent. 

40. Tangents from any point to a system of coni^cal 
conies make equal angles with two fixed lines. 

12 
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41. The locus of the mtenection of tangents to a para- 
bola which cat at a given angle, is a hyperboUu 

42. A straight line drawn from the focus of a conic so 
^ to make a constant angle with a chord subtending a 
constant angle at the focus, meets the chord, in general| 
ijipon the circumference of a fixed circle. 

43. If an ellipse and hyperbola have the same foci and 
tangents be drawn to the one to intersect at right angles 
those drawn to the other, the locus of the points of inter- 
section is a circle. 

44. P, P are points on a hyperbola and its conjugate, 
Sj 8' t)ie interior foci of the branches on which P, P' lie. 
Prove that the difference of /SP, S'P' is equal to difference 
of (Ji, CB. 

45. Aj P and i?, Q are points taken respectively in two 
parallel straight lines, Ay B being fixed and P, Q variable. 
Prove that if the rectangle AP.BQ be constant, the line PQ 
will always touch a fixed ellipse or a fixed hyperbola according 
as P, Q are on the same or opposite sides of AB. 

46. Through a fixed point 8 a straight line 8YY' is drawn 
to meet fixed parallel straight lines in F, Y\ Prove that the 
envelope of the circle on YY' is a hyperbola, 8 being a focus 
and the fixed lines directrices. 

47. PQ is a chord of an ellipse at right angles to the 
major axis AA' ; P4, QA' are produced to meet in B ; show 
that the locus of 22 is a hyperbola having the same axes as 
the ellipse. 

48. If a hyperbola be described touching the four ades 
of a quadrilateral inscribed in a circle and one focus lie on 
the circle, the other focus will also lie on the circle. 
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49. If TPy TQ be tangents to an ellipse or hyperbola| 
8 J H being the foci ; then 

ST" : HT^^SRSQ : HP.EQ. 

50. A- point D is taken on the axis of a hyperbola, whose 
eccentricity is 2, such that its distance from the focus 8 is 
equal to the distance of 8 from the further vertex A*\ 
P being any point on the curve, A'P meets the latus rectum 
in K. Prove that DK and SP intersect on a certain fixed 
circle. 
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CHAPTER VII. 

THE HYPERBOLA CONTINUED. 

Take any point E (fig.. Prop, ii.,) on a fixed straight line 
drawn through the centre Cj and let EN meet the axis at 
right angles in N. Then the ratio of EN to CN is the same 
whatever be the position of E on the fixed straight line. 

If the ratio of EN to CN be equal to the ratio of the 
semi-axes CBj CAj the stnught line CE is called an Asymp^ 
totey for a reason which will appear in Prop, i., Cor. 2. 

Make the angle NCM equal to NCE. Then CM Is the 
other asymptote. 

It follows from the definition given above that, when N 
coincides with the vertex A^ EN becomes equal to the semi- 
minor axis CBn 

In this case C^ = CB" + Gil* = (7fi^. 

Two hyperbolas are said to be conjugate when the trans- 
verse axis of each is the conjugate axis of the other. 

Thus, in fig., Prop. Ylll., the hyperbola which has CB, CA 
for semi-axes is conjugate to that which has CA^ CB for 
semi-axes. 

It is evident that any two conjugate hyperbolas have the 
same asymptotes. 

Conjugate Diameters and Supplemental Chords may be de- 
fined as on p. 75. 

Let PF (fig., Prop, viii.) be any diameter of a hyperbola, 
terminated iy the curve. Then the conjugate diameter will 
not meet the curve, but its extremities ktq defined as the points 
i>, i>', in which it meets the conjugate hyperbola. 
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Pbop. I. If CN be the abscissa of any point P on the hypers 
hola^ and NP produced meet one of ^ asymptotes in Q^ then 

QN' - PN' = CB\ [fig., p. 123. 

Since PIP: GB*=CIP^GA': GA\ [Prop.xvi.,p.l09. 

componendo PiP + GB* : CB» = CN* : CA\ 

But, since Q is a point on an asymptote, QN is to ON as 
CB to GA. 

Therefore QN* : CB* = CN* : CA*. 
Hence PN* + CB* = QN*, 

or QN*^PN*=CB*. 

Cor. 1. Hence PQ{QN+ PN) = CB*. [Euc. ii., 5, Cor. 

Therefore PQ.PQ = OB', if ^i^ produced meet the other 
asymptote in (?'. 

Cob. 2. Let (7^, and consequently QN+ PN, be increased 
indefinitely. Then, since PQ {QN^ PN) is always equal to 
CB*j PQ is diminished indefinitely, but can never actually 
vanish. Hence the curve continually approaches the asymp* 
tote, but never meets it. 

Note. The above proposition is a particular case of 
Prop. XYiii., which is proved similarly. 

Prop. H. The tangent and normal at any point of a hyper^ 
bola meet the asymptotes and axes respectively in four points 
lying upon a circle which also passes through the centre of the 
hyperbola. 

The circle described on Og, the portion of any normal 
intercepted by the axes, passes through the centre C, since 
gCG is a right angle. 

Let this circle meet the asymptotes in L, M, and let LM, 
Og intersect in P. From any point E in CL draw EN per- 
pendicular to CO and therefore parallel to gC. 
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Then lECN^GCM^OLP^ in the same segment 
Also I CEN^ ECg ^L OPj m the same segment. 




Hence, the triangles ECN^ LPG bemg shnilar, the angle 
LPQ is a right angle^ and 

PGiPL^ENiGN 

:=zCB:CA. [i>e/,p. 119. 

Similarly PL : Pg =^ CB : GA. 

Hence PO i Pg = CB' : CA% 

or P is the point at which Gg is normal to the curve. 
(Prop. II., p. 100). 

Also, LPG being a right angle, LMh the tangent at P. 

Pkop. III. The portion of any tangent intercepted hetween 
the asymptotes is bisected at the point of contact. 

Let the tangent and normal at P meet the asymptotes 
and axes respectively in the points Z, M] (?, g. 

Then a circle goes round LgCMG. [Prop. ii. 

But Gg passes through the centre of the circle, since gCG 
is a right angle, and also cuts LMsX right angles. 

Hence LM is bisected in P. [Euc. ill., 3. 
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OOB* Any straight line Br (fig., p. 128) terminated by the 
asymptotes, is bisected by the diameter GV to whose ordi^ 
nates it is paralleL 

Pbop. IY. If the tangent at P meet the asymptotes in 
Ly M^ then 

lLCM^CA.CB. 

\ Let the diameter parallel to the tangent at P meet the 
noi-mal in F. Then PF is equal to the perpendicular from 
C the base of the triangle LGM. 

' Therefore lLCM^\PF.LM^PF.PL. [Prop.m. 

But PF.PG = GB*. [Prop, xii., p. 107. 

Therefore PFx GB^ GB : PO 

= GA : PZ, as in Prop. it. 

Therefore GA.GB=-PF.PL^ L LGM. 

Pkop. V. If tangents he drawn to a hyperbola and its 
conjugate from a point on either asymptote^ the points of 
contact will lie at the extremities of conjugate diameters. 

From the point L on the asymptote GL (fig., Prop. VI.) 
draw XP, X2>, touching the hyperbola and its conjugate re- 
3pectively in P, D. Produce iP, LD to meet the other 
asymptote in M^M\ 

Then a L GM=^ GA . GB [Prop, iv. 

= A LGM^ similarly. 

Therefore GM^GM! (Euci., 38). But PM^PL. [Prop.ii. 
Therefore, by Euc. vi. 2, GP is parallel to Jf' i, the tan- 
gent at D. Similarly, GB is parallel to ML. 
Hence CP, GD are conjugate. 
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Coil Conversely, if CP^ CD be conjugate, the tangents 
at P, D intersect in a point L which lies on one of the 
asymptotes. 

Also, CPLD being a parallelogram, 

CD^PL^PM. [Prop. II. 

Prop. VI. If the normal at P meet the major and miner 
axes in G^ g^ reepectiveli/y then 

PG.Pg^Cjy, 

where CD is the semi-^liameter conjugate to CP, 

Let the tangent at P meet the asymptotes in Lj M. Then 
a circle goes round LOMg. [Prop. ii. 

Therefore PO.Pg^PL.PM 

^ CD". [Prop, v., Cor. 

Prop. VII. If the normal at P meet the major and minor 

axes in O^ g respectively^ and CD he the semi-diameter con-- 

jugate to CP. then 

Pa:CD=::CB:CA, 

and Pg :CD^CA:CB, 

It may be shown, as in Prop, ii., that 

Pa:PL = CB:CA, 

where PL Is the tangent, terminated by the asymptote CL. 
But PL is equal to CD. [Prop, v., Cor, 

Therefore POxCD^^CBx CA. 

Similarly Pg iCD^CA: CB. 

Prop. VIII. The parallelogram formed hy drawing tan- 
gents at the extremities of a pair of conjugate diameters PP^ 
DD' is of constant area. 

Let the normal at P meet DD' in F and the major 
axis in (7. 



Then 
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PG:CD=CB:GA. 
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[Prop, YII. 




Altemando PG : CB^CDx GA. 

But PF. PG = CB\ [Prop, xii., p. 107, 

Therefore CB : PF= PG : GB 

= GB : GAj from above, 
or PF.GB = GA.GB. 

It is evident from the figure that the area of the cir- 
cumscribing parallelogram is equal to 4PF.CD^ that is to 
4tGA.GB or AA.BB'. 

Note. This proposition is another form of Prop. IV., since 
the parallelogram MM' is equal to four times the triangle 
LGM. 

Prop. IX. Tke straight line which joins the extremities of 
conjvgate semi-diameters is parallel to one asymptote and 
bisected hy the other. 

From the point L on the asymptote GL draw LP touch- 
ing the hyperbola in P, and LD touching the conjugate hyper- 
bola in i). Then the semi-diameters CP, GD are conjugate 
(Prop* V.,) and GPLD is a parallelogram. [Prop, v., Cor. 
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Let Pi), CL intersect in 0. Then OP^ OD^ since the 
diagonals of parallelograms bisect one another. 

Again, let XP, LD produced meet the other asymptote 
in if, M* respectively. Then PD^ since it bisects both LM 
and LM (Prop, iii.), is parallel to JOT. 

Pbop. ^ If the ordinate NP produced meet the asymptote 
CQ in Qj then tcill QD he perpendicular to CBj where CPj 
CD are conjugate semirdiameters. 

Let P2>, CQ intersect in 0. Then, since the asymptotes 
are equally inclined to QN^ and OQ, OP are parallel to the 
asymptotes (Prop, ix.), therefore L OPQ^ OQP. 

Therefore OQ^ 0P= OD. [Prop. ix. 

Hence, is the centre of the circle round BQP and the 
angle PQB in a semi-circle b a right angle. Therefore QD 
is perpendicular to CB. 

Pbop. XI. If the tangent at any point meet the asymptotes 
in 2/, JIf, then CL.CMis constant and equal to C8*. 

Let any other tangent meet the asymptotes in Z, m, as 
in the figure. 




THE HYPERBOLA CONTINUED, 125 

Then the triangles LCM^ I Cm are equal (Prop, iv.) and 
have the angle at G common. 

Therefore CLiCl^^ Cm : CJf, [Euc. vi., 15. 

or CL.CM=a.Cm. 

Let Im coincide with the tangent at the yertex^ so that 

ci^ca^Cm. 

Therefore CL.CM^ CS^^ which is constant. 

CoE. From X, Jf, ?, m draw straight lines parallel to P(7, 
and let them meet the conjugate diameter in i), Z>', N^ B 
respectively. 

Then CD : CN= CL : CI [Euc. yi., 2. 

= Cm : G3f, from above, 
= CR : CU. [Euc. yi., 2. 

Therefore CN. CR^CD. CD = CD". 

Prop. XII. If from any point P on the curve PO he 

dravm^ parallel to one of the asymptotes and meeting the other 

in 0, then 

P0.C0 = {C8*: 

Let the tangent at P meet the asymptotes in X, if, (fig., 
Prop. Yili.), and let PO be parallel to CM. 

Then, since P is the middle. point of LM (Prop, ill.), 
PO = i CJf and CO = J CL. [Euc. yi., 2. 

Therefore PO:CO^\CL.CM^\CS'. [Prop. xii. 

OOR. Straight lines drawn from any point on the curve 
parallel to and terminated by the asymptotes contain a con- 
Btant rectangle. 

It may also be deduced (Euc. yi., 14) that they form with 
the asymptotes a parallelogram of constant area. 
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Pbop. Xin. If ike tangent amd ordinate (U Q meet any 
diameter in Tj V respectively^ then 

CV.CT^Ciy, 

where D is an extremity of the diameter. 

Let the tangent at Q meet the asymptotes in l^ m. 




Draw INy mB parallel to QF and meeting the diameter 
of which QV is an ordmate in N^ R. Produce IN^ QV io 
meet the asymptote »iC^ in n, r. Join Nr*' 

Now In^ being parallel to the ordinates of CN^ is bisected 
in N (Prop. Iii., Cor.). Also, Qr bisects Im (Prop, ill.) and 
is parallel to In. [Constmction. 

Therefore Nr^ which bisects both In and mn^ is parallel 
to Im. [Euc. VI., 2. 

Hence CT : 6N= Cm : Gr [Euc. vi., 2, 

= GR : OF, similarly. 

Therefore CVXT^CN.CR^GU^. [Prop, xi., Cor. 

Prop. XIV. If CP^ CD be conjugate eemirdiameters^ then 

SP.PH^ CD". 

Let the normal at P meet the major and minor axes in O^g 
respectively. Then a circle goes round SPgH. [Prop.vn.,p.l03. 
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Then 



L PgH= supplement of P8H [Euc. ni., 22, 
= P8G. 




Also LgPH= SPG. [Prop, v., p. 103. 

Therefore the triangles SPg, SPG axe similar, so that 

SP:PG=Pff:Pir, 
Therefore 8P.PS=PG.Pg = CI>'. [Prop. vi. 

Pbop. XV. If CP, CD he conjugate semi-dtameterSf then 

CP' ^ CJy ^ CA* ^ CB\ 

In fig., Prop.xili., since EP=2 CA-i- SP (Prop.iil., p. 100), 
the squares of the whole SP and the part SP are equal to 
2HP. SP together with the square of 2 CA. [Euc. Ii., 7. 

Therefore HP'+ SP' = 2HP.SP+iCA'. 
But HP' + SP' = 2GP' +2CS%* 

since is the middle part of SS. 

Therefore HP.SP+2GA* = CP' + CS; 
or Ciy + 2GA''=CP' + CA*+CB'. 

Therefore GP'^CB'= CA' " CPf. 



* Todhunter's JEuelid, Appendix. 
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Or thns : 

Let the ordinates NP, RD (fig.» Prop. Yni.) be produced to meet 
in Q. Then CQ U an asymptote. [Prop. x. 

Hence CQ* - CP* o QIT - PIP [Euc. i., 47. 

- CB^, [Prop. I. 

Therefore CP^^CB"^ CCf 

^Ciy^ CA\ aimUarly. 
Therdbre CP* ^ CD* = CA* ^ CB*. 

Fbop. XVL If the chord Qq meet the asymptotsB in Bj r, then 

QB^qr. 

Let CV] the diameter bisecting Qqy cnt the curve In P. 
Then the tangent at P is parallel to Qq. [Prop.xii.9Cor.l,p.I6. 




Let the tangent meet the asymptotes in £, M. Then 
PL = PM. [Prop. III., Cor. 

Hence, also B V= r V. 

But QV==qV. [Construction. 

By subtraction QB = qr. 

Cob. Let Qq meet the conjugate hyperbola in C, q\ 
Then, since QB = qr and QfB = q'r similarly, therefore 

QQ'^qq. 
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Peop. XVII. If GV be ^ cAscisaa of any point Qon^ 
hyperbola^ measured along the diameter PP^ then 

QV* iGV-GJP'^CB'i GP; 

and QV: PV.VP ^GiyiGP", 

where GD is ^ conjugate semi-diajneter. 

The proof of Prop, xvi., p. 109, is applicable. The letters 
ovlj require to be changed. 

Cob. Let VQ meet the conjugate hyperbola in Qf. Then 
QfV 'a equal to the absdssa and OF to the ordinate of 'Q*, 
the corresponding semi-diameters being GD and GP. 



Hence CV :QV*-G]:^=> GP" 

Therefore qV*-GV'. GD" « CV* 
CJomponendo QV* : GP^ =GV' + GP* 



GP*. 
GP'. 



Pbop. XVIII. If Qbe one extremity and V the middle pomt 
of a chord f whuJi meets the asymptotes in S, r and is parallel to 
the semi-diameter CDf then 

GP^ = BV*-QV*=BQ.Qr. 

By the last proposition, altemando. 



GI*. 
GP* 
PL'. 



QV*:GI/ = GV'-^GP* 

Componendo QV* + GI^ : Giy = GV 

= 5F« 

by similar triangles CVM, GPL. 

But PL'^'GIf, since, by Prop, v., Cor., PL=^GD. 

Therefore BV* = QV*+ GD*. 

Hence GIJ^^BV-QV* = BQ.Qr. [Euc. ii., 5, Cor. 

Similarly it may be shown, by means of Prop, zvii., 

Cor., that 

G]y = gV*-BV*^BQ.Qrt 

Q being the point in whidt VQ meets the conjugate hyperbola. 

K 
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PbOP. XIX. If TPP be any diameter and TQ ike tan- 
gent at a point Qj whose abscissa is (7F, then 

TC.TV^TP.TP. 

When the diameter meets the hyperbola, the method of 
Prop. X., p. 48, ifl applicable. 

Otherwise, if Prop, xill., (the proof of which is general) 
be assumed, then 

TCr = TO. rF+ TG. CV [Euc ii., 3, 

=rc.rF+(7P". 

Therefore TC. TV= TC* - CP" 

= TP. TP. [Euc. II., 5, Cor. 

The following propositions may be proved by the methods 

applied to the ellipse. [p. 84—88. 

Prop. XX. The rectangle contained by the segments of a 
chord QR which passes through a fixed point bears a con- 
stant ratio to the square on the parallel semirdiameter CD, 

Also the rectangles contained by the segments of any two 
intersecting chords are to one another as the squares of the 
parallel semi-diameters. 

Peop. XXI. If a circle and a hyperbola intersect in four 
points their common chords will be equally inclined to the axis 
of the hyperbola. 

Prop. XXII. If the tangent at P meet any diameter in T 
and the conjugate diameter in t^ then 

PT.Ft^Ciy, 
where CD is the conjugate semi-diameter. 

Prop. XXIII. If a chord pass through a fixed point the 
tangents at its extremities will intersect on a fixed straight line. 

Prop. XXIV. If from any point t^ tpp* be draum to meet 
the hyperbola in p, p' and the chord of contact of tangents 
through t in o, then tpop' mil be cut harmonicaUy. 
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1* If a directrix and an asymptote of a hyperbola inter- 
sect in E^ then GE= CA. 

2. If the tangent at P meet the directrices in K^ K^ then 
PK.PK — GP^^ where CD, CP are conjugate semi-diameters. 

3. Any two straight lines drawn parallel to conjugate 
diameters meet the asymptotes in four points which lie on 
a circle. 

4. K the tangent at P cut an asymptote in T^ and BP 
cut the same asymptote in Q^ then BQ = ST. 

6. Perpendiculars from the foci upon the asymptotes meet 
the asymptotes on the circumference of the circle described 
upon the axis. 

6. The tangents at -4, A meet the circle upon BH in the 
asymptotes. 

7. If from the point P in a hyperbola PK be drawn 
parallel to the transverse axis cutting the asymptotes in 
/, K, then PK.PI^CA\ 

8. If from a point P in the hyperbola PN be drawn 
parallel to an asymptote to meet the directrix in N^ then 
PN= BR 

9. If from a point P, in the hjrperbola, PB be drawn 
parallel to an asymptote to meet the tangent at the vertex 
in By then the difference of BP, PB is equal to half the 
latus rectum. 

10. Prove by means of Examples 2, 8, that the rectangle 
contained by the focal distances of any point on the hyper*- 
bola is equal to the square on the parallel semi-diameter. 

k2 
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11. A hyperbola being defined as the locus of a point 
whose distance from a fixed point equal to its distance from 
a fixed straight line, measured parallel to any other given 
straight line, prove that the second line is parallel to an 
asymptote of the hyperbola. 

12. If PQ be any chord, B the point of contact of the 
parallel tangent, and P/>, BE^ QH be drawn parallel to one 
asymptote to meet the other, then CD.CH=^ GJE?. 

13. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas are described. Prove 
that, if one hyperbola touch the ellipse, the other will do so 
likewise, and that the diameters through the points of contact 
are conjugate. 

14. If any two tangents be drawn to a hyperbola, and 
their intersections with the asymptotes be joined, the joining 
lines will be parallel. 

16. The tangent to a hyperbola, terminated by the asymp- 
totes, is bisected where it meets the curve. Assuming this, 
prove that the tangent forms, with the asymptotes, a triangle 
of constant area. 

16. The tangent at P meets one asymptote in jT, and T^, 
drawn parallel to the other, meets the curve in Q, Prove 
that, if PQ meet the asymptotes in 5, -B', then RE will be 
trisected in the points P, Q. 

17. If CP, GB be conjugate semi-diameters, and through 
G a line be drawn parallel to either focal distance of P, the 
perpendicular from D upon this line is equal to half the 
minor axis^. 

18. P3/, PN are drawn parallel to the asymptotes CM^ 
CNj and ah ellipse is constructed having GN^ GM for semi- 
conjugate diameters. If GP cut the ellipse in Q, the tangents 
at Q, P to the ellipse and hyperbola are parallel 
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19. Any focal chord of a conic is a third proportional to 
the transverse axis and the diameter parallel to the chord. 

20. The difference of two focal chords, which are parallel 
to the conjugate diameters of a hyperbola, is constant. 

21. If straight lines be taken inversely proportional to 
focal chords of a conic, which include a right angle, the sum 
or difference of these lines is constant. 

22. A chord of a hyperbola which subtends at the 
focus an angle equal to t]iat between the asymptotes, always 
touches a fixed parabola. 

23. Given two conjugate diameters of a hyperbola ; deter- 
mine the directions of the axes. 

24. The radius of a circle which touches a hyperbola 
and its asymptotes is equal to the part of the latus rectum 
intercepted between the curve and the asymptote. 

25. A line drawn through one vertex of a hyperbola and 
terminated by two lines drawn through the other, parallel to 
the asymptotes, will be bisected where it cuts the curve again. 

26. K P be a fixed point on a hyperbola and QQ' an 
ordinate to CPj the circle QPQ' will meet the hyperbola 
in a fixed point. 

27. Tangents are drawn to a hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in 
a constant ratio ; prove that the locus of the point of section 
is a hyperbola. 

28. Given the asymptotes and one point on the curve; 
find the foci and construct the curve. 

29. If a line through the centre of a hyperbola meet 
in Bj Tj lines drawn parallel to the asymptotes from any 
point on the curve, then, the parallelogram PQBT being 
completed, ^ is a point on the hyperbola. 



134 EXAMPLES. 

30. IfPQj PQ^ straight Unes tenninated by the asymp- 
toteS| intersect in Oj then 

PO.OQ : Cir^PO.Og : CZT, 

where (727, CD are the semi-diameten {larallel to PQ^ P Q 
respectively. 

This follows from Prop. XVIII., by similar triangles. 

Prop. XX. may be deduced from the above result. 

31. Straight lines are drawn through a fixed point ; show 
that the locus of the middle points of the portions of them 
intercepted between two fixed straight lines is a hyperbola, 
whose asymptotes are parallel to those fixed lines. 

32. TP^ TQ are tangents to an ellipse at P, Qj and 
asymptotes of a hyperbola. Show that a paur of their 
common chords are parallel to PQ. One of these chords 
being JB/S> prove that if PR touches the hyperbola at P, 
then Q8 touches it at 8. 

33. Prove also that the straight line drawn from T to 
the intersection of P8^ QR^ bisects PQ. 

34. A hyperbola, of given eccentricity, always passes 
through two given points; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, the locus of the centre of the hyperbola will be 
a circle. 

35. If, from any point P in the hyperbola, RPQ8 be 
drawn meeting the hyperbola in P, Q^ and the asymptotes 
in jB, iS, then PK^ QL being drawn parallel to one asymptote 
to meet the other, L8=PK. 

36. If a chord PQ intersect the asymptotes in J2, 8^ and 
a tangent RE be drawn to the hyperbola ; then, Pi/, QNj EL 
being drawn parallel to one asymptote and meeting the other, 
2EL is equal to PM+ QN. 



£XAMPL£S. 135 

37. Tangents throngli V cut one asymptote mS^T and 
tlie other in /S', f; prove that 

38. The area of the sector of a hyperbola made by join- 
ing any two points of it to the centre is equal to the area 
of the segment made by drawing parallels from those points 
to the asymptotes. 

39. Lines drawn parallel to an asymptote from the points 
P, C jB, /8, on the curve, meet the other asymptote in K^ Z, 
M^ N. Prove that the areas PQKL^ BSMNj will be equal, if 

PK:QL^BM:8N. 

40. The lines PST, QL^ BM^ drawn parallel to one asymp- 
tote, meet the other in JT, £, Jf ; P, Q, B are points on the 
curve. Prove that, if QL bisect the area PKMB^ it will be 
a mean proportional between PE and BM. 
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CHAPTER VIII. 

THE EECTANQXTLAE HYPERBOLA. 

In the Rectangular or Equilateral Hyperbola the asymjH 
totes are at right angles and the axes equal. 

In the second proposition of the preceding chapter, if 
CB— CA^ then P will be the centre of the circle. 

Hence CP= PL = CD, [Prop, v,, p. 122, 

or canjugaie diameters of a rectangular hyperbola are equal 
to one another. 

Also PG = CD=:^ Pg. [Prop. Vii., p. 122. 

PboP. L Conjugate diameters of a rectangular hyperbola 
are eqtially inclined to either asymptote. 

Let CPy CD be conjugate semi-diameters (fig., p. 123) 
and let PD cut the asymptote CO in 0. 

Then (?P= CD. [Prop, ix., p. 123. 

But CP—CD. Hence (70, since it bisects the base 
of the isosceles triangle PCD^ bisects also the vertical 
angle PCD. 

Cor. Since CP', CZ>', any other two conjugate semi- 
diameters are also equally inclined to (70, therefore 

lPCF = DCD'. 

Hence the angle between any two diameters is equal to that 
between their conjugates. 



THE RECTANGULAR HYPERBOLA. 
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Prop. II. In the rectangular hyperhola^ diameters at right 
angles to one another are equal. 

In fig., p. 123, suppose a semi-diameter CP to be drawn, 
equally inclined to the axis with CP. Then, since the asymp- 
totes CM', CO are equally inclined to the axis, 

lPCM'^PCO =D CO. [Prop. !• 

Therefore lPCM' + DCM'^DCO + DGM', 

or aDCP = LCM' = a right angle. 

Also CP^CP ^CD. 

Cor. The rectangles contained by the segments of chords 
which intersect at right angles are equal. [Prop. XX., p. 130. 

Prop. III. If a conic^ described about a triangle^ pass 
through the point of intersection of the perpendiculars drawn 
from the angular points upon the opposite sides^ it vnll he a 
rectangular hyperbola. 

Let ABC be the triangle; AD^ BE^ CF the perpen- 
diculars, intersecting in 0. 




D C 

Then, by similar triangles ADC^ BDO^ 

AD\CD=^BD\OD. 

Therefore AD.OD^BD. CD. Similarly BE. OE^ AE.EC. 
Hence, the conic has more than one pair of equal diameters 
at right angles, viz. those parallel to -42>, BC and BE^ AC 
(Prop. XX., p. 130) ; and, since it cannot be a circle, it must 
be a rectangular hyperbola. [Prop, ii.. Cor. 
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Prop. IV. If the tangent at any point Q intersect any two 
conjugate diameters in Tj t^ then 

QT.Qt^Cir, 

where CD is the semi-diameter conjugate to CQ. 

The angle between any two diameters is equal to that 
between their conjugates. [Prop, i., Cor. 




But Ct is conjugate to CTy and QT \& parallel to the 
diameter conjugate to CQ. 

Therefore LQGT^QtO. 

Also, the angle CQT is common to the triangles QCTj 
QtC. Hence, the triangles are similar, so that 

QTiGQ = CQ\Ct. 

Therefore QT.Qt^G(T^ GD". 

Pbop. Y. If the tangent at a point Q, whose abscissa is GV^ 
meet the aans in Ty the triangles GVQ^ QVT mil be similar. 

The angle between the diameters (7P, GQ is equal to that 
between their conjugates (Prop, i., Cor.) and therefore to that 
between QV^ QTy which are parallel to their conjugates. 

Hence the triangles GVQ^ QVT are similar, since the 
angles QGV^ FQTare equal and the angle GVQ is common. 
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EXAMPLES. 

1. The locus of the centre of an equilateral hyperbola 
described about a given equilateral triangle is the circle in* 
scribed in the triangle. 

2. PO is the normal at P; OE a perpendicular on CP*^ 
prove that PE=PFj F being the point in which the normal 
meets the diameter parallel to the tangent at P. 

3. The tangent from G to the circle on the axis is equal 
io PG. 

4. In a rectangular hyperbola no pair of tangents can be 
drawn at right angles to each other. 

5. An asymptote of a rectangular hjrperbola meets the 
perpendicular upon it from either focus at a distance from 
the centre equal to half the axis. 

6. The distance of any point from the centre is a geo- 
metric mean between its distances from the foci. 

7. Straight lines drawn from any point on the curve to 
the extremities of a diameter are equally inclined to the 
asymptotes. 

8. (? is a point on the conjugate axis of a rectangular 
hyperbola and QP^ drawn parallel to the transverse axis, 
meets the curve in P; prove that PQ = AQ. 

9. The locus of the middle point of a line which cuts off 
a constant area from the comer of a square is a rectangular 
hyperbola. 

10. In a rectangular hyperbola CY is drawn perpendicular 
to the tangent at P; prove that the triangles PCL4, GA Y 
are similar. 
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11. The foci of an ellipse are' rituated at the ends of a 
diameter of a rectangular hyperbola ; show that the tangent 
and normal to the ellipse, at any point where it meets the 
hyperbola, are parallel to the axes of the latter. 

12. If a right-angled triangle be inscribed in a rect^ 
angular hyperbola, prove that the hypotenuse is parallel to 
the normal to the hyperbola at the right angle. 

13. If two rectangular hyperbolas touch one another, 
their common chords through the point of contact will in- 
clude a right augle and the remaining common chord will be 
parallel to the common tangent. 

14. If a rectaugular hyperbola circumscribe a right- 
augled triangle, the locus of its centre will be a circle passing 
through one of the angular points. 

15. If -44' be any diameter of a circle, PQ any ordinate 
to it, then the locus of the intersection of APj A'Q \a sl 
rectangular hyperbola. 

16. In a rectangular hyperbola, focal chords parallel to 
conjugate diameters are equal. 

17. LL' is any diameter of a rectangular hyperbola, P 
any point on the curve ; prove that the external and internal 
bisectors of the angle LPL' are parallel to fixed straight lines. 

18. Straight lines parallel to conjugate diameters meet 
the asymptotes in four points which He on a circle. 

19. Assuming Prop. XVIII., p. 129, show how to deduce 
from Prop. v. that in the rectangular hyperbola 

CKCT^Cr. 

20. Ellipses are inscribed in a given parallelogram ;. show 
that their foci lie oh a rectangular hyperbola. 
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21. If two concentric rectangular hyperbolas be described, 
the axes of one being asymptotes of the other, they will 
intersect at right angles. 

22. The portion of the tangent intercepted by the asymp- 
totes subtends a right angle at the foot of the normal. 

23. If, between a rectangular hyperbola and its asymp- 
totes, any number of concentric elliptic quadrants be inscribed 
the rectangle contained by their axes will be constant. 

24. The base of a triangle ABG remaining fixed, the 
vertex G moves along an equilateral hyperbola which passes 
through A and B, If P, Q be the points in which AG^ EG 
meet the circle on AB as diameter, the intersection of AQ^ 
BP is always situated on the hyperbola. 

25. Any conic which passes through the four points of 
intersection of two rectangular hyperbolas, must be itself a 
rectangular hyperbola. 

26. If two concentric rectangular hyperbolas have a 
common tangent, the lines joining their points of intersection 
to their respective points of contact with the common tangent, 
will subtend equal angles at their common centre. 

27. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a given diameter, the dif- 
ference between the angles which they make with the diameter 
will be equal to the angle which it makes with its conjugate. 

28. From fixed points A^ B straight lines are drawn 
intersecting in (7, such that the difference of the angles GBA^ 
GAB is constant ; find the locus of G. 

29. Prove that in a rectangular hyperbola the triangle 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and semi- 
ordinate of the point. 



142 EXAMPLES. 

30. On opposite sides of any chord of a rectangular 
hyperbola are described equal segments of circles ; show that 
the four points, in which the circles to which the segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. ^ 

31. If a conic be described through the centres of the 
inscribed and ezscribed circles of any triangle, its centre 
will lie on the circle which circumscribes the triangle. 

32. The locus of the centre of a rectangular hyperbola 
described about a triangle is the circle passmg through the 
middle points of the sides of the triangle. 

33. If PQB be a triangle inscribed in a rectangular 
hyperbola, the intersections of pairs of tangents at P, Qj R 
lie on the lines joining the feet of the perpendiculars from 
the angular points of the triangle upon the opposite sides. 

34. Given a triangle such that any vertex is the pole of 
the opposite side with respect to an equilateral hyperbola; 
the circle circumscribing the triangle passes through the 
centre of the curve. 

35. A circle, described through the centre of a rect- 
angular hyperbola and any two points, will also pass through 
the intersection of lines drawn through each of these points 
parallel to the polar of the other. 
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CHAPTER IX. 

CORRESPONDINO POINTS. 

Any fixed straight line being taken as axis, if the ordinate 
NP of a variable point P to be produced, in a constant ratio, 
to p^ then the points p^ P correspond^ and the locus of either 
point corresponds to the locus of the other. [fig.. Prop. III. 

Hence, if any other ordinate MQ be produced to j, so that 

MQiMq^NPiNp^ 
then the points Q, q correspond. 

Pbop. I. Straight lines correspond to straight lines. 

Let P, p be corresponding points and let the locus of P 
be a straight line which meets the axis in T, Join Tp and 
draw any ordinate MQq^ meeting the straight lines 2jP, Tp 
in Q^ q respectively. 

Then MQ : Mq^NP: Np^ 

or the points Q, q correspond. 

Hence, to any point Q on TP corresponds a point q on Tp. 
In other words, the straight line Tp corresponds to TP. 

Cob. Corresponding straight lines intersect on the axis. 

Pbop. IL Tangents correspond to tangents. 

Let P, Q be adjacent points on any curve and jp, q the 
corresponding points. Then the straight line pq corresponds 
to PQ. 
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COKBESPONDING POINTS. 



Let Q move up to P. Then ;, which always Ues on the 
same ordinate as Qj moves ap to p^ and when PQ becomes 
the tangent at P to the locus of P, pq becomes the tangent 
at j7 to the locus o(p. 

Prop. III. Parallel straight lines correspond to parallel 
straight lines. 

Let Py P' be points on any two parallel straight lines 




which meet the axis in jT, jT. Produce -NP, N'P'j the ordi- 
nates of P, P, to meet the corresponding straight lines in 
p^ p' respectively. 

Then, since p corresponds to P and p' to P, the straight 
lines NI^j N*Pp' are cut in the same ratio. [^?/^ 

Hence NpiN'p'^NP: NT, 

^ NT I N'T, 

by similar triangles NPT, NPT. 

Therefore pT, p'T are parallel, which proves the pro- 
position. 

Prop. IV. Parallel straight lines are to one another as the 
parallel straight lines to which they correspond. 

In the last proposition let Q, Q be any two points on 
TP, TP, and let j, 2' ^ ^^ corresponding points. 
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Then, Bince J!P, TF and also 2J>, T>' are parallel, there- 
fore, by similar triangles TPp^ TFp\ 

TP'.Tp = TF\Tp\ 

But TP is to 2> as PQ to pq. [Euc. Vi., 2. 

Similarly TF is to Tp' as F Q' to / j'. 

Therefore PQipq^FQ \ / j'. 

Hence the parallel straight lines PQ^ FQ are as the 
' parallel straight lines pq^ p'g[ to which they correspond. 

Cor. Let GD^ QOP (fig., p. 146) be parallel straight 
lines, and let the points dj qy Oj p correspond respectively 

to 2>, Qy Oy P. 



Then 


OQ'.CD= oq '.Cdy 


and 


OP'.CD^ op :Cd. 


Therefore 


OP.OQ : Cl^^op.oii : Cd*. 



Prop. V. Points of intersection correspond to points of 
intersection. 

Let the straight lines PQy FQ intersect in and the 
corresponding straight lines ^;,^'j^' in o. 

Then since lies on PQy the point which corresponds to 
O mnst lie ovLpq. For a like reason it must lie also on p€[y 
and therefore coincides with o, the point of intersection of 
pqy p'g[. 

This method is applicable when PQy P'^ are curved lines. 

Cor. Hence, if any number of lines meet in a point, the 
corresponding lines will meet in the corresponding point. 

Prop. VI. Corresponding areas are to one another in a 
constant ratio. 

The method of Prop, xviii., p. 88, is applicable to any two 
curves whose ordinates are to one ^mother in a constant ratio. 

h 
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CORRESPONDING POINTS. 



(1) It has been proved (Prop. XViii., p. 64) that the 
common ordinates of an ellipse and its anxiliary circle are 
to one another in a constant ratio. Hence the ellipse and its 
auxiliary circle correspond. 

In consequence of this correspondence many properties 
of the ellipse may be deduced from properties of the circle, 
as in the following articles. 

(2] In an ellipse^ the rectangle contained hy the segments 
of a chord which passes through a fixed point varies as the 
sqimre of the parallel semi-diameter. 

Let PQ be the chord, the fixed point, and CD the 
parallel semi-diameter. 




Take corresponding points pj q^ o^ d m the auxiliary 
circle. [Prop, xviii., p. 64. 

Then OP.OQ : CD^^op.oq : Cd\ [Prop, iv.^ Cor. 

But is a fixed point. Hence the corresponding point o 
is fixed and cp.oqh constant. [Euc. ill., 35. 

Also, the radius Cd is constant. 
Hence OP.OQ bears to CB* a constant ratio. 

(3) ITie middle points of all parallel chords of an ellipse 
lie on the same straight line^ 

In the last figure, let be the middle point of PQ. Then 
o is the middle point oipq. [Prop. IV. 

Let pq move parallel to itself. Then PQ moves parallel 
to itself. [Prop. iir. 
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But Co is a fixed straight line, since in the circle the same 
diameter bisects all parallel chords. Hence, the locus of o 
being a straight line, that of is also a straight line. [Prop. I. 

(4) Tangents to an ellipse at the extremities of any chord 
intersect on the diameter which bisects the chord. 

If 0, be middle points of pq^ PQ^ as above, then the 
diameter GO corresponds to Go. Also, the tangents at P, Q 
correspond to those BXp^q. [Prop. ii. 

But, in the circle, the diameter Go and the tangents at 
p^ q meet in a point. 

Hence, in the ellipse, the diameter GO and the tangents 
at P, Q meet in a point. [Prop, v.. Cor. 

(5) Gonjugate diameters in the ellipse correspond to dior 
fneters at right angles in the circle. [Prop. ll., p. 76, 

(6) The method of corresponding points may also be ap- 
plied to deduce properties of the hyperbola from those of the 
rectangular hyperbola. For, it has been shown, Prop, xvii., 
p. 129, that if Q, Q be points on a hyperbola and its con- 
jugate, which have a common abscissa GV, then 

QV : GV^^GP^^GD" : (7P*, 

and QV^ : GV' + GP^^GB" : CP". 

Now, on the ordinate common to Q, Q^ take points y, j', 

such that 

QViqV^GDiGP, 

and gViq'V=GD:GP. 

Then q corresponds to Q and q' to Q'. 

Also 2F^ = aF»-0P" and 2'F' = CF* + CP'. 

Hence the loci ofq^ c[ are conjugate r equiangular hyperbolas. 

(7) The following are examples of corresponding theorems. 
The left-hand column contains theorems which are true either 
for the circle or else for the rectangular hyperbola, while to 

L2 
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the right of each theorem is placed die corresponding theorem 
in the ellipse or hyperbola. 

The Cibcle. The Elupsb. 

The area of the ciicaauerib- The area of the euncnmscrib- 

ing square u constant. ing paraUelogram whose sides are 

'parallel to conjugate diameters is 
constant. 

If a diameter meet the tangent If a diameter meet the tangent 

at Q in r, the circle in P, and the at Q in T, the ellipse in P, and the 

ordinate of Q in F, then , ordinate of Q in F, then 

Cr.CT^ CF*, CV.CT^ CF', 

and QV^^CI^-'Cr*. ukA QV* i CV^ - CP" ^ CU^ i CP". 

If the tangent at P meet any If the tangent at P meet any 

two diameters at right angles to one two conjugate diameters in T, T*, 

another in T, T, then then 

PT. PT « CD\ PT. PT = CUf, 

where CD is the radius parallel to where CP, CD are conjugate semi- 

Pl*. diameters. 

The Rectakgttlab Htpebbola. The Htpebbola. 

The area of the circumscrib- The area of the circumscrib- 
ing parallelogram whose sides are ing parallelogram whose sides are 
parallel to conjugate diameters is parallel to conjugate diameters is 
constant. constant 

If a diameter meet the tangent If a diameter meet the tangent 

at Q in 2*, the curre in P, and the at Q in T, the curve in P, and the 

ordinate of Q in F, then ordinate of Q in F, then 

CFCToCP*, CV.CT^CP*, 

and QV^ ^ Cr^ " CP^, and QF«: CF«-CP'«CJ>«:CP'. 

If the tangent at P meet any If the tangent at P meet any 

two conjugate diameters in jT, T, two conjugate diameters in T, 2*, 

then then 

PT.PT e CD*, PT. PT IT CJD^, 

where CD is the semi-diameter where CD is the semi-diameter 

conjugate to CP, conjugate to CP. 
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EXAMPLES. 

1. If CP be a semi-diameter of an ellipse, and AQQ he 
drawn parallel to CP^ meeting the ciure and CB in Q^ Q^ 
Xh^niCP'^AQ.AQ. 

2. What parallelogram circumscribing an ellipse has the^ 
least area? 

3. If straight lines drawn through any point of an ellipse 
to the extremities of a diameter meet the conjugate CD in 
Jf, N, then CM.CN^ CD". 

4. If two tangents to an ellipse and the chord of contact 
include a constant area, the area included between the chord 
of contact and the ellipse is constant. 

5. Prove also that the chord of contact alwajs touches 
a concentric similar ellipse, and that the intersection of the 
tangents lies on another concentric similar ellipse^ 

6« If (7P, CD be conjugate and ADj AP meet in 0^ then 
BD OP is a parallelogram* When is its area greatest ? 

7. From the ends, P, 2>, of conjugate diameters in ani 
ellipse draw lines parallel to any tangent line, and from the 
centre C draw any line cutting these lines and the tangent 
in points p^d^t\ then will (^'+ C^^Ct* 

8. The least triangle circumscribing a given ellipse has 
its sides bisected at the points of contact. 

9. If an ellipse be inscribed in a given parallelogram its 
area will be greatest when the sides are bisected at the points 
of contact. 

10. A polygon of a given number of sides is described 
about an ellipse and has its sides bisected at the points of 
contact. Prove that its area is constant. 
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IL Prove also tbat if the adjacent points of oontad be 
joined the area of polygon thus fonned will be constant. 

12* If a triangle be inscribed in an ellipse, die straiglit 
lines drawn throogfa the angolar points paralld to the dia- 
meters bisecting the opposite side meet in a point. 

13. The greatest triangle which can be inscribed in an 
ellipse has one of its sides bisected hj a diameter of the 
ellipse and the others cat in points of bisection by the con- 
jugate diameter* 

14. The tangent and ornate, at any pmnt of an ellipse, 
meet the axis in T^ N. Prove that 

AN. AN I AT.AT^CNi CT. 

15. Circles correspond to similar and similarij situated 
ellipses* 

16. Parallel straight lines which pass through the ex- 
tremities of conjugate diameters meet the ellipse again at 
the extremities of conjugate diameters. 

17* Two ellipses of equal eccentricity and whose major 
axes are equal can onlj have two points in comm(»i. Prove 
this, and show that if three such ellipses intersect, two and 
two, in the points P, P'; ^, Q\ -B, E^ the lines PF^ QQf^ 
RB meet in a point. 

18. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

19. The locus of the middle points of all chords of an 
ellipse which pass through a fixed point is a similar ellipse. 

20. The greatest triangle that can be inscribed in an ellipse 
has its sides parallel to the tangents at the opposite vertices. 

21. P, (?, B are any three points on an ellipse ; the dia- 
meter AC A' bisects PQ and meets jBP, RQmN^T. Prove 
that CN.CT^CA\ 
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22. From an external point two tangents are drawn to 
an ellipse ; show that an ellipse, similar and similarly situated, 
wiU pass through the external point, the points of contact, 
and the centre of the given ellipse. 

23. A and B are two similar, similarly situated, and con* 
centric ellipses ; (7 is a third ellipse similar to A and i?, its 
centre being on the circumference of J3, and its axes parallel 
to those of A or B. Show that the common chord of A and G 
is parallel to the tangent to B at the centre of G* 

24. Any chord of a conic which touches a similar, similarly 
situated and concentric conic is bisected at the point of contact. 

25. The two portions of any straight line intercepted be- 
tween two similar, similarly situated, and concentric conies, 
are equal. 

26. A tangent to the Interior of two similar, similarly 
situated, and concentric ellipses, cuts off a constant area 
from the exterior. 

27. Through a given point draw a straight line cutting 
off a minimum area from a given ellipse. 

28. If a chord of an ellipse pass through a fixed pointy 
pairs of tangents at its extremities will intersect on a fixed 
straight line. 

29. A chord of an ellipse, drawn through any point, is 
cut harmonically by the point, the curve, and the polar of 
the point. 

30. If a tangent drawn at V the vertex of the inner of 
two concentric, similar, and similarly situated ellipses, meet 
the outer in the points T, f, then any chord of the inner, 
drawn through F, is half the sum, or half the difference of 
the parallel chords of the outer through T, T. 
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CHAPTER X. 



CURVATURE. 



Letacbde be described toudhing a conic atPand cutting 
it in an adjacent point Q. Then, when Q moves up and 
nltimately coincides with P, the circle becomes the Oirde of 
Curvature at the pomt P. 

The chord of this circle drawn in any direction from P, is 
said to be the Chord of Curvature at P In that direction^ 

The radius, diameter, and centre of the circle of curvature 
are called respedivelj the Radius^ Diameter and Centre of 
Curvaturek 

Prop. I. The focal chord of curvature at any point of a 
conic is equal to the focal chord of the conic parallel to the 
tangent at that point 

Let PfSP be any focal chord of the conic ; and BB^ the 
focal chord parallel to the tangent P2l 
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Let a^clrde be described toaching tbe conic at P and 
cuttmg it in Q, Also let QH, a chord of this drcle, parallel 
to PP, lancet Pr in T. 

Then^ if TQ meet the conic again in Q^^ 

TP" : TQ.TQ ^RE : PF. [Con 3, p. 85, 
But ^ J!P =. TQ. TH. [Euc. iii., 36. 

Hence THiTQ ^REiPF. 

Let Q <nove up to P. Then TQ becomes equal to PP^ 
and the circle becomes the circle of curvature at P. 

Hence the focal chord of curvature PU^ to which j?!ff be- 
comes eqKaly is equal to BE* 

COP.I. Hence PU.8E=2PO^j [Ex. 21, p. 2L 

wltere PG is the normal at P, 8E the semi-latus rectum, and 
PZ7the focal chord of curvature as in the proposition. 

Cob. 2. In a central conic 

PU. CA = 2 CJOf. [Ex. 26, p. 92. 

Prop. II. To determine the length of the chord of curvature 
of a parabola drawn in any direction. 

Let P8U be the focal chord of curvature at P, and PFa 
chord of curvature drawn in any other direction, [fig., Prop. ill. 

Join W^ and draw 8Y parallel to VP to meet the tan- 
gent at P in r. Then the triangles CPF, P8Y are similar, 
since the alternate angles UPV^ P8Y are equal and 8PY 
is equal to PVU in the alternate segment. 

Therefore PV : PU^ 8P : 8Y. 

But P27is equal to the focal chord of the parabola parallel 
to the tangent at P (Prop. I.) that is, to 4fiP. [Prop. Vlii., p. 29. 

Hence PV : 4S'P= 8P : 8Y, 

or PV.8Y^4.8F. 
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Cob. L Let PV be the diameter of curvature. 
Then Pr.>SF=4iSP», 

where 8Y]a ih,^ focal perpendicular upon the tangent at P. 

Cob. 2. The chord of curvature parallel to the axis of 
the parabola is equal to 4iSP, since^ in this case, 8Y is 
measured along the axis and is equal to 8T (fig., p. 27), that 
isy to 8P. [See Appendix, § 12. 

Pbop. III. To determine the length of the chord of cur^ 
vature of a central conic drawn in any direction. 

Let P8U be the focal chord of curvature at P, and PV 
a chord of curvature drawn in any other direction. 




Let the diameter parallel to the tangent at P meet PV 
and PU in F and K. Then, PF being the tangent at P, 

C PVU= 8PY= alternate angle FKP. 

Hence the triangles PFZ7, FKPj having the angle at P 
common, are similar, so that 

PViPU^PKiPF 

= CA : PF. [Cor., p. 58. 

Hence PV.PF^ PtJ.CA 

^2CIJ^. [Prop. I., Cor.2i 
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Cor. 1. Let PV be the diameter of curvature. Then 

PV.PF=^2Cir, 

F being the point in which the normal meets the diameter 
conjugate to GP. 

Cor. 2. Let PWh^ the central chord of curvature. 

Then J?' coincides with C the centre of the conic and 

pw.cp^^ciy. 

The following is a direx^t investigation of a general ex- 
pression for the chord of curvature. 

The figure is drawn to suit the case of the ellipse, and a 
knowledge of Newton is assumed. If however TH be 
parallel to PP^ the central chord may be determined without 
this assumption, the proof being word for word ike same as 
in Prop. B. 

Prop. A. To determine an expression for the chord of 
curvature of an ellipse drawn in any direction. 

Describe a circle touching the ellipse at P and cutting it 




in Q. Let C be the centre of the ellipse and CV the abscissa 
of Q measured along the diameter PF, 

Draw QH^ PUj any two parallel chords of the circle, and 
let the former meet the tangent at P in T. 
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Prodoce QV to meet PU in £, and draw CEj parallel to 
QVor TP^ to meet PUm K 

Then ©F* : PV.VP^ CIT : CP". [-Note, p. 83. 

Let Q move np to P. Then the circle becomes the drde 
of cnnrature at P. Also QF* is ultimately equal to QE^ or 
Ti*, that is (Eoc m., 36) to TQ.TH or PR.TK 

Therefore PB.TH.PV.VP^CI^ .01^. 

Now TH is nltimatelj equal to the chord of curvature 
PU, and VF to PP or 2GP. 

Hence PZ7: 2CP^TH: VP. 

Also PE: CP^PBiPK [Euc. vi. 2. 

By compounding, 

PU.PE:2CP^PB.TH: VP.Pr 

«= CL^ : CP, firom above. 

Therefore PU.PE^ 2 CZ?*. 

Fbop. B. To determine an expression for ike central chord 
of curvature at any point of a hyperbola. 

Describe a circle touching die hyperbola at P and cutting 




* NewtoD, Lemma Tii., Cor. 2. 
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it in the adjacent point Q. Let be the centre of the 
hyperbola and CV the abscissa of Q, measured along the 
diameter PP. 

Draw QH parallel to CP, and let it meet the circle in H 
and the tangent at P in T, 

Then Q V* : PV. VP^CITi CP*. [Prop, xvii., p. 129. 

But QV* is equal to 2!P, and therefore to TQ.TH 
(Euc. III., 36), or PV.TE. 

Hence TH: VP^CD" : CP". 

Let Q move up to P. Then the circle becomes the circle 
of curvature at P. 

Also VP becomes equal to PP or 2CP, and TH to PZ7, 
the central chord of curvature. 

Therefore PU : 2 CP= CZ>» : CP. 

Hence PU.CP^^CIT. 
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m 

1. The radius of curvature at any point of a conic is to 
the normal at that point in the duplicate ratio of the normal 
to the semi-latus rectum. 

For, with the notation of Prop, x., p. 12, the diameter of 
curvature at P is to the focal chord of curvature as PG to 
PK. The required result follows by Prop, i.. Cor. 1. 

2. Hence deduce the following construction for deter- 
mining the centre of curvature at any point of a conic. 
From the foot of the normal at P draw OL perpendicular 
to the normal to meet 8P^ and draw LO perpendicular to 
BP to meet the normal in 0. Then is the centre of 
curvature at P. 
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3. The radius of curvature at the extremity of tUe latus 
rectum of a parabola is equal to twice the normal. 

4. The circle of curvature at P, in a parabola, cuts off 
from the diameter through P a portion equal to the para- 
meter of that diameter. 

5. If 8Y be perpendicular to the tangent at P in a para- 
bola, then 2PY is a mean proportional between the distance 
of any point on the curve from the vertex, and the chord of 
curvature, at that point, through the vertex. 

6. In the parabola, 28P is a mean proportional between 
8A and the portion of the axis cut off by the circle of cu]> 
vature at P. 

7. The circle of curvature at P, in any conic, meets the 
curve again in F; prove that PV and the tangent at P are 
equally inclined to the axis of the conic. 

Let a circle be described intersecting any conic in the 
points Qj Qfy 5, m. [fig.. Prop. XV., p. 34. 

Then QB^ QE are equally inclined to the axis of the 
conic. [Props, xv., p. 34, and xiv., p. 85. 

Let Q move up to and coincide with Q^ then the circle 
touches the conic at Q. 

Again, let R move up to coincidence with Q, Then the 
circle becomes the circle of curvature at Q, and the tangent 
QR is equally inclined with QE to the axis of the conic. 

8. Assuming this result, show how to deduce the chord 
of curvature through the focus of a parabola. 

9. The circles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the curve again in 
Q, R respectively ; show that PR is parallel to DQ. 

10. Find the points at which the radius of curvature of 
a central conic is a mean proportional between the major 
and minor axes. 
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11. The circle of curvature at an extremity of one of 
the equi-conjugate diameters passes through the other ex- 
tremity of that diameter. 

12. The circle of curvature at a point P of an ellipse 
meets the curve again In Z7; the ordinates of P, U meet the 
auxiliary circle in ^^ u] prove that pu and the tangent at 
p are equally inclined to the axis of the ellipse. 

13. There are three points P, Q, JS, on an ellipse, whose 
osculating circles* pass through a given point on the curve ; 
these lie on a circle passing through the point, and form a 
triangle of which the centre of the ellipse is the intersection 
of the bisectors of the sides. 

14. If the ordinates of the points P, Q^ R meet the 
auxiliary circle in p, j, r, the triangle pqr is equilateral. 

15. Prove also that the normals at P, Q^ R meet in 
a point. 

16. The sum of the focal chord of curvature, at any point 
of an ellipse, and the focal chord of the ellipse parallel to the 
diameter through the point is constant. 

17. The circle round 8BH^ in an ellipse, cuts the minor 
axis In the centre of curvature at B. 

18. The tangent at P, in an ellipse, meets the axes in 
T, t ; GP is produced to meet in L the circle described about 
the triangle TGt. Prove that PL is half the central chord 
of curvature at P, and that GL.GP\a constant. 

19. With conjugate diameters of an ellipse as asymptotes 
a hyperbola is described touching the ellipse. Prove that 
the curvatures of the two curves at the point of contact are 
equal. 

Curvature is measured by the reciprocal of the radius 
of curvature. 

• That is, Circles of Curvature, 
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20. The tangent at any point P, in an ellipse of which 
8jH Bre foci, meets the axis in T; TQB bisects EP in Qy 
and meets SP in B. Prove that FB is one-fourth of the 
chord of canratare at P through S. 

21. In an ellipse the circle of curvature cannot pass 
through the focus if CA is greajter than Sff. 

22. If a straight line CN be drawn from the centre of 
an ellipse to bisect that chord of the circle of curvature at P 
which is common to the ellipse and circle, .and if, being pro- 
duced, it cut the ellipse in Q and the tangent in T, then 
CPj CQ are equal, and each of them is a mean proportional 
between (Wand CT. 

23. Normals to a conic at P, P' meet in ; prove that 
when P moves up to and ultimately coincides with P, the 
point becomes the centre of curvature at P. 

24. The central chord of curvature at any point of a 
rectangular hyperbola is equal to that diameter of the curve 
which passes through the point. 

25. The radius of curvature at any point P of a rect- 
angular hyperbola is to CP in the duplicate ratio of CP to GA, 
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CONES. 

From the centre of a circle draw a straight line at right 
angles to the plane of the circle, and in this line take a fixed 
point 0. Then the surface generated by an indefinite straight 
line OP (fig., Props, v., vm.), which moves so as always to 
pass through the fixed point and through some point P on 
the circumference of the circle, is said to be a Bight Oircuhr 
Cone, or simply a Cone. The point is called the Yertex^ 
and the line in which it is taken is called the Axis. 

Any straight line passing through the vertex and lying 
upon the surface of the cone is said to be a Generating Line. 

If JV (fig., p. 166) be the centre of the circle, so that ONia 
the axis, the right-angled triangle ONP will have its sides and 
angles constant. All generating lines being therefore inclined 
at the same angle to the axis, it follows that a plane through 
the axis intersects the cone in two straight lines which include 
a constant angle. This angle is termed the Vertical Angle. 

It is evident that any section of a cone by a plane drawn 
perpendicular to the axis is a circle. 

Also : 

I. If a generating line cut two sections, which are per- 
pendicular to the axis, in the pobts Q, B (fig.. Props, vii., 
Till.), then since OQ and OB are constant for all positions 
of the generating line, therefore OQ ± OB is constant. 
Hence, in either case, QB is constant. 

II. Let the plane of the paper, in fig.. Prop, v., contain 
tl^e axis of the cone and the generating lines OLy OM. 

M 
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Draw anj plane APA'P^ perpendicular to the plane of the 
paper [AA' being the axis of the section), and any plane 
LPMP perpendicolar to the axis of the cone. 

Let these planes intersect in the stnught line PP^ and let 
LM^ which is a diameter of the circular section, cnt PP in j^. 
Then PP is perpendicolar to the plane of the paper, and 
therefore to LMj which is a diameter of the circle. Also 

PN^PK 

Hence PIP = LN.NM^ . [Euc. iii., 35. 

Also PN is perpendicular to the axis AA. Hence, the 
^n'dinate of any paint P on the section APA\ is a mean pro^ 
portional between LN and NM. 

A CONIC SECTION is the curve of intersection of a plane 
with a cone, and will, in general, be a Parabola, an Ellipse^ 
or a Hjrperbola. 

In the following figare one-half only of the section is 
represented. 

Prop. I. To determine the nature of any given section of 
a right circular cone. 

Let OE'L^ OEAR be two generating lines lying in the 
, plane of the paper, which is perpendicular to ANP the plane 
of the section. 

In the cone Inscribe a sphere touching the plane of the 
section in 8^ and let the plane of contact EE* cut the plane 
of section in the line MX. 

Let LPR be a circular section, and PN perpendicular to 
LR. Draw PM perpendicular to MX^ and let OP touch the 
sphere In Q. 

Then, since P8^ PQ are tangents to the same sphere, 

PS=PQ = RE. [§ I., p. 161 . 

-Therefore SP:NX=BE'.NX 

=^AE:AX. [Euc. VI., 2. 
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Alflo AE^ A8^ being tangents to the same sphere, are 
equal; and ^X=PJf. 



Therefore 8P : PJf = 8 A : AX. 

Hence the locus of P is a conic, having 8 for focus and 
MX for directrix. 

(i) Let the plane of section be parallel to a generating 
line, as OL. Then the section will consist of one infinite 
branch, and will therefore be a Parabola. [§ 5, p. 4. 

(ii) Let the plane of section cut all generating lines on the 
same side of the vertex (fig.. Prop. v.). Then the curve 
consists of one oval branch, and is an Ellipse. 

(iii) Let the plane of section cut the cone on both sides 
of the vertex (fig., Prop. viii.). Then the curve consists of 
two infinite branches, and is a Hyperbola. 

The last part of the proposition may be thus proved : 
(i) K XN, OL be parallel, the triangle AEX will be isosceles. 
Therefore 8F = NX = PM, or the curve is a parabola. 

(ii) Let the angle EA8 diminish, so that XN^ OL meet if produced. 
Then the angle EXA, and therefore the ratio AEx AX, diminishes, &e. 

K2 
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Pbop. n* If PN he the ordinaite of any poifU on a aeetion 
whose plane is parallel to a generating line OL^ tiien PN^ 
varies as the abscissa AN. 

For, in the last figure, PN* is equal to LN.NB. 

But X^is constant, since NX^ LO are parallel. 

Also NR bears to AN a constant ratio. 

Therefore PN^ varies as AN 

It may be shown, by drawing the ordinate through ^S", that 

PN'^U.8.AN. 

Prop. III. To determine the length of the latus rectum of 
any section. 

Let an inscribed sphere touch the plane of section in the 
focus 8. Through 8 draw a straight line meeting the cone 
in D, J7, the sphere in 8\ and the axis of the cone, at right 
angles, in L. [fig., Prop. iv. 

Draw DO to the vertex and let it touch the sphere in Y. 

Then DY^ = D8.D8' [Euc. in., 36, 

^J)8.8D'. 

Hence the ordinate through 8j that is the semirlatus rectum^ 
is equal to* DY^ since it is a mean proportional between D8 
and dJy. 

Prop. IV. The perpendicular from the vertex of the cone 
upon the plane of section varies as the parameter* of the section. 

Let be the centre of the sphere, in Prop, in., and let 
YC meet DD' in E. Draw OM perpendicular to the plane 
of section, and CN perpendicular to OM. Join 08. 

Then the angle NO 8 is a right angle, and 

^i;:(7jS«= complement of OCN=CON. 

* The iatHS ^^tum is sj^metlmes called the Parameter of a section. 
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Hence, by similar rightrangled tri^igles CL8^ GNO^ 

CL:C8=0N:0G, 
or ON.CS^CL.CO 

^GE.OY^ [Euc. III., 35, 




since a circle goes round YLE^ the angles at F, L being 
right angles. 

But CS=GY'j therefore ON^CE. 

By addition, 0N+ GS= CE + CY, 

or OM^EY. 

But EY varies as DY^ since the angl6 8tt D is constant. 
Therefore CM varies as DF, or as the pacrameter of the 
section. [Prop. Ill, 

PfiOP. V. The semi-minor aosia of any section^ vjhcf^e ploM 
is not parallel to a generating line^ is a mean prop&rtior^ 
between the perpendiculars dravm from the vertices' of the 
section upon the oasis of the cone. 

Let A^ A' be the vertices of the section; AB.^ A*Kj 
straight lines, perpendicular to the axis of the cone and meet- 
ing the generating lines through -4', A in H^ K respectively. 
Through N^ the middle point of AA\ draw LNM parallel to 
A K and terminated by 0A\ OK^ and let PS be the semi- 
minox^ akis or ordiiiate through N. 
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llHm, aiiioe AN=\AA vai NM a pandld to A'K^ 
therefore NM^\AK. 

o 




SlmilArly LN=\AH. 

Therefore PN'^LN.NM^^AK.AH, 

or the aemi-minor axis is a mean proportional between \A'K 
and \AH^ that is, between the perpendiculars from A\ A 
upon the axis of the cone. 

PbOP. VI. To prove that 

FN* : AN.NA^GB^ : CA\ 

iffhere PN ta the ordinate of any point P on the section^ and 
CAj CB are the semi-axes. 

In the last fi^re, let JV"be any point upon AA\ 
Then^ bj similar triangles, 

NMxAN^AKiAA, 
and LN:NA' = AH:A'A\ 

By compounding, since PN'^LN.NMj 
therefore PN* : AN.NA = A'K.AH : AA'* 

« CB' :CA\ [Prop.V. 
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Pbop. Vn. If two spheres he {nscnbed injthe cone, so, as 
to touch the plane qf section upon opposite sides j in the pointy 
8^ J3", then mil 8F-\- PH he constant^ where P is any point on 
the curve. 

Let be the vertex of the cone, wd let the generating 
line through JP touch the spheres in Q, B. 




Then P8^ PQj being tangents to the same sphere, are 
equal. Similarly PHj PR are equal* 

By addition, 8P+PH:=QBj 

which is constant for all positions of P on the curve. 

Lines are drawn through X and TF, in the figurcj to re- 
present the directrices of the section. The directrices being 
the lines in which the planes of contact EQE\ KB cut the 
plane of section. See Prop. i. 
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PboP. Vlll. If two yiheres be tMcnM in the conie^ so as 
to touch the plane of section upon the same side^ in the points 
8^ jffj then vnU SP^ 8P be constant, where P is any point 
on the curve. 

Aa in Prop. Tni, SP^^PQ and EP^PB. 




By snbtraction, JE[P ^ /SP= QBj 

which is constant for all positions of P on the curve. 
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1. The latns rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 

2. The foci of all parabolic sections, which can be cut 
from a given right cone, lie upon a right cone. 

3. Tbe distance between the foci of an elliptic section is 
e<|ual to the difference of the distances of its vertices from 
the vertex of the cone. 

4. The foci of all elliptical sections of the same eccen- 
tricity lie on two cones. 

5. The eccentricity of any section is a ratio of greater or 
less inequaliiy according as the acute angle between the axes 
of the cone and of the section is less or greater than the 
semi-vertical angle of the cone. 

6. If two plane sections have the same directrix the 
corresponding foci lie on a straight line which passes through 
the vertex. 

7. The extremities of the minor axes of the elliptical 
sections of a right cone made by parallel planes, lie on two 
generating lines. 

8. Show how to cut a right cone so that the section may 
be an ellipse whose axes are of given lengths. 

9. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given 
eccentricity. 
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10. Given a right cone and a point within it, there are 
but two sections which have this point for focus; and the 
pbines of these sections make equal angles with the straight 
line joining the ^ven point and the vertex of the cone. 

11. If the curve formed hj the intersection of anj plane 
with a cone be projected upon a plane perpendicular to the 
aus, prove that the focus of the curve of projection will lie 
on the axis of the cone. 

12. Show how to cut firom a cone a section of given 
latus rectum. 

13. The latus rectum being constant, the envelope of the 
plane of section Lb a sphere. 

14. The vertical angle of a cone being a right angle, 
prove that the perpendicular from the vertex upon anj plane 
is equal to the semi-lattts rectum of its curve of intersection 
with the cone. 

15. In auy section, the latus rectum is a mean propor- 
tional between the axes. 

16. Show how to cut from a given cone a hyperbola 
whose asymptotes shall contun the greatest possible angle. 

17. Under what conditions is it possible to cut a rect- 
angular hyperbola from a given right cone? 

18. The angle between the asymptotes of a section being 
given, determine the locus of either focus. 

19. Prove that the plane of the hyperbola of greatest 
eccentricity, which can be cut from a given cone, is parallel 
to the axis of the cone. 

20. A plane through the vertex, parallel to the plane 
of a hyperbolic section, intersects the cone in generating 
lines which are parallel to the asymptotes of the section. 
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MISCELLANEOUS PROPOSITIONS. 

1. To prave^ Prop, ix., p. 30, the definition only being 
assumed. 

Having made the same construction as in Prop, i., p. 25, 




draw QD perpendicular to MO. Also draw PY perpen- 
dicular to t/M and therefore parallel to Qq. 

Then, by similar triangles, QD is to QO as MY to Pif, 
and therefore as Yy toJPO. [Euc. vi., 2, 

By compounding, 

Qiy : Qa^MY.Yy : PM.PO. 

But the triangle 8PM is isosceles and PY is the perpen- 
dicular upon the base. Therefore if y= 8Y. 
Hence 8 divides Yy so that Yy + 8Y^ My. 
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Therefore My':=^S^ + A8Y. Yy^ [Euc. it., 8. 
or Mf-^Sy'^UlY.Yy. 

Also 2>lfis equal to C^, or to 5^. [Def. 

Therefore QL^ = QiP - DiP [Euc i., 47. 

But QM^ 18 equal to ^+J^, and Si^t to Qt/'-k-B^ 
(Euc. I., 47). 

Therefore QL^^ being equal to QJiP—SC^^ is equal to 
if/-i%",orto4ifr.ry. 

Hence QO"^ APM.PO^ from above, 

^ASP.PO. 

Similarly it may be shown that ^O* is equal to ASP.PO^ 
Hence is the middle point of Qq, 

Hence also the tangent at P is parallel to Qq (Cor., p. 15} 
or perpendicular to 8M. 

2. In the parabola, smce SY^ =SA.8P (Prop, xi., p. 32), 
therefore, as 8P increases indefinitely, 8Y also increases in- 
definitely. In other words, when the point of contact P is 
removed to an infinite distance, the perpendicular distance 
of the tangeut from the focus becomes infinite, and the tan- 
gent is altogether removed to an infinite distance. 

Hence the parabola is said to have a tangent at infinity. 
Conversely, it may be shown that a conic which has a 
tangent at infinity is a parabola. 

3. Let the tangents to a curve at the adjacent points P, Q 
intersect in E. [fig., p. 27. 

Let the point Q move up to P, the latter point remaining 
stationary. Then R moves up to P, and ultimately coincides 
with it when Q coincides with P. Hence the point P may be 
regarded as the point of intersection of two tangents whose points 
of contact are indefinitely near to one another. 
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4. The asymptotes of a hyperbola may he regarded as ton- 
ffents whose points ofamtact are at an infinite distance. 

For, in Prop, xiii,, p. 108, if CN be indefinitely increased, 
(7T vanishes and the tangent passes through the centre. 

Also, in Prop, xvi., p. 109, -NT becomes equal to CN^ so that 

Hence, the tangent becomes parallel to an asymptote 
and therefore coincides with it, since both pass through th^ 
centre. 

.5. The points of contact of the asymptotes being at an 
infinite distance, their chord of contact lies altogether at 
infinity. 

Conversely, it may be shown that if the chord of contact 
of any pair of tangents to a conic lies at infinity, the conic is 
a hyperbola. 

6. The asymptotes of a hyperbola are themselves a conic 
of the same eccentricity. 

For the distances of all points upon them from the centre 
are in the ratio 08 : GA to their perpendicular distances from 
the minor axis. 

The asymptotes of a hyperbola are the llmi^ng form which 
the curve assumes when the axes are indefinitely diminished, 
their ratio remaining unaltered. 

7. The parabola is the limiting form of the ellipse or 
hyperbola when the centre is removed to an infinite distance. 

For, let C8 be increased indefinitely (fig., p. 55), the latus 
rectum remaining constant and the point 8 being fixed. 
Then the ratio C8 : CM, that is, the eccentricity, becomes a 
ratio of equality. 

In this case, the focus H is removed to an infinite distance 
and TH (fig., p. 56) becomes parallel to the axis. 

Compare Prop, xili., p. 33. 
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8. The circle is the limiting form of the ellipse tohen the 
distance between the foci is indejinitely diminished. 

For, In this case, 8 and J? coincide with C. 

Therefore CP^\i,8P^-HP)^CA. 

9. If a chord of a circle pass through a fixed pointy the 
tangents at its extremities will intersect on a fixed straight line. 

In fig.| p. 87y supposing the curve a circle, let T be the 
intersection of tangents at the extremities of that chord which 
is bisected in the fixed poin^O. 

Let be the middle point of any other chord through 0^ 
and t the intersection of tangents at its extremities. 

Then CO. GT^ (radius)" = Co. Ct. 

Hence a circle goes round OotT. [Euc. ill., 36, Cor. 

Therefore LOTt + Oot=^ two right angles. [Euc. iii., 22. 

But LOot = a right angle. [Euc III., 3. 

Therefore 07% is a right angle, and Tt a fixed straight 
line^ since T is by construction a fixed point. 

10. A chord of a circle^ drawn from any pointy is cut har^ 
monically by the pointy the curve^ and the polar of the point. 

Using the construction of Prop, xvii., p. 88, and re- 
membering that chords of a circle are perpendicular to the 
diameters which bisect them, we have 

ip.tj^ - (tangent from if [Euc. III., 36. 

^tO.tC^ 

by similar right-angled triangles. 

Also, since the angles at and c are right angles, a circle 
goes round OCco. 

Therefore tc.to=^i0.tC [Euc. iii., 36. 

= tp. tp*^ from above. 

Hence "itp.tp' = to {tp + tp'). 
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11. To construct an equilateral triangle corresponding to 
a given triangle. 

In the definition on p. 143, the ordinates may be parallel 
to any fixed straight line and the ratio may be any given ratio. 

Let SFHhe the given triangle. [fig,, p. 102. 

Describe the equilateral triangle 8gH and let gP meet 
S8'm G. 

Let the ordinates be parallel to POj and let PO : gQ he 
ihe constant ratio. 

Then the straight line^rfi'corresponds ioPH. [Prop.l,,p. 143. 

Similarly, gS corresponds to P8. 

Hence the equilateral triangle gHS corresponds to the 
given triangle. 

12. To construct a square corresponding to a given 
parallelogram. 

Let ABGD be the given parallelogram. 

Describe the square ABG'U and let UD meet AB in N. 
Then, if the ordinates be parallel to D'D and the constant 
ratio be that of ND to ND'j the square ABC'B' will corre- 
spond to the given parallelogram, for Aiy corresponds to 
AD and BC to BC, [Prop, i., p. 143. 

13. Corresponding Points applied to circles of curvature. 
It has been shown that parallel straight lines correspond 

to parallel straight lines. [Prop, in., p. 144. 

By a very similar process it may be proved that, if two 
straight lines PV^ PT be equally inclined to the axis in 
opposite directions, the corresponding lines will be equally 
inclined to the axis in opposite directions. 

Let the circle of curvature at P, m an ellipse, cut the 
ellipse in F, and let the tangent at P meet the axis in T, 
Take points p^ v (on the auxiliary circle), correspording to 
P, F. Then pv and the tangent jpT are equally mclined 
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to the axis of the ellipse, since thej conespoiid to lines which 
are equally inclined to the axis. [Ex. 7, p. 158. 

Ex. 1. If the circles of curvature at the extremities P, D 
of two conjugate diameters of an ellipse meet the curve again 
in Q, R respectively, then PR is parallel to DQ. 
This theorem may be reduced to the following : 
If from the extremities p^ d of two diameters at right 
angles, in a circle, the chords pq^ dr be drawn equally in- 
clined with the tangents at p^ d respectively to a fixed dia- 
meter, then pr is parallel to dq. 

Ex. 2. Any point on a circle being given, it may be 
shown that there are three points P, Q, R on the circum- 
ference, situated at the vertices of an equilateral triangle, 
such that OP, OQ, OR are equally inclined with the tan- 
agents at P, Q, ^ to a given diameter. 

It follows that there are three points P, Q, JB on an 
ellipse, the circles of curvature at which pass through a given 
point on the curve, &c. [Ex. 13, p. 159. 

Def. If the opposite sides of any quadrilateral [ABCD) 
be produced to meet (in 0, P) the figure thus formed is called 
a Complete Quadrilateral. 

The straight lines -4(7, PZ>, OP are the Diagonals of the 
complete quadrilateral. 

14. The middle points of the diagonals of a complete guad* 
rilateral lie on the same straight line. 

Complete the quadrilateral ABCD and let OP be the 
exterior diagonal. 

Complete the parallelograms BODRj AOCQj and let BB 
A Q cut PD in F, T respectively. 

Then, since AQva parallel to 0(7, 

PC : Or= PB : BA [Euc. VL, 2. 

= Pr:FZ), similarly. 
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Altemando 



PCiPV^CTxVD 

by similar triangles CTQ^ VDB. 






Hence, PQR is a straight linp and the middle points of OP^ 
OQy OB lie upon a straight line parallel to PQB. [Euc. Yi., 2. 

But the middle point oi OQ is also the middle point of 
AC J since the diagonals of parallelograms bisect one another. 
Similarly, the middle point of OB is also the middle point 
oiBD. 

Therefore the middle points of A Oj BDj and OP lie on 
a straight line parallel to PQB. 



N 
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CHAPTER XIIL 

ANHARMONIC RATIO. 

Let A^ Bj C^ D he four points on a straight line. Then 
the ratio AB.CD : AD.BG is called the Anharnwntc BaJtio 
of the range -4, J5, (7, 2>, and is denoted by [ABGD]. 

In the expression for the anharmonic ratio of a range the letters 
which constitute the range might have been taken in a different order. 
Thus AD.JBCi AB.CD might have been defined as the anharmonic 
ratio of the above range. It is of course necessary to retain throughout 
any investigation the particular order adopted at its commencement. 

1. If four fioced straight lines which meet in he cut hy 
any transversal in the jmnts -4, B^ (7, Dj then will [ABCD] 
be constant. 

Draw the straight line aBb^ parallel to Oi>, and meeting 
OAj OB in a, b. 




Then AB:AD = aB:DOj 

by similar triangles ADOj ABa, 



ANHARMONIC RATIO. 179 

SimUarly, CD : BC^DO : Eb. 

Therefore AB. CD : AD.BC^ aB : J5J, 
which is a constaDt ratio for all positions of ab parallel to CD. 
Thus {ABCD} is constant. 

Def. The AnAarmantc Ratio of a Pencil is the anharmonic 
ratio of the range in which its rays are intersected by any 
transversal. 

Pencils and ranges are said to be eqiud when their anhar- 
monic ratios are equal. 

Let P be the vertex (fig., p. 184) and P4, PJ5, P(7, PD 
the rays of any pencil. Then the anharmonic ratio of the 
pencil P is denoted by P{ABCD}. 

2. The transversal may cut the rays of the pencil on 
either side of the vertex. 

For if, in the preceding article a transversal had been 
drawn through P, cutting OA^ OB^ OG, 0D\ where i?' lies 
in JOO produced, then it would have appeared, by a pre- 
cisely similar proof that \ABCD'\ is equal to the same 
constant ratio aB : Bh. 

Ex. Consider the pencil (fig., p. 183), one of whose 
ranges is \DMA($^. The rays of the pencil are here taken 
in the order OZ), Oif, 0-4, OQ. These rays, taken in the 
same order ^ meet the straight line GQ in the range P, 5, C?, Q. 

Hence [DMAQ] = {BRGQ\. 

A pencil whQse rays are produced through the vertex may be dis-^ 
tinguished as a Comphie Pencil. 

3. Equiangular pencils are equal to one another. 

This is proved in Arts. 1, 2, where it is shown that, the 
angles of a pencil being fixed, its ranges are aU equal. 

Ex. 1. Let the variable straight line TR (fig., p. 11) sub- 
tend a right angle, or any constant angle, at the fixed point 
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8j and let T^^ T^^ T^ T^ denote anj fonr positions of the 
▼ariable point T. Also let 2^, R^^ JB^ B^ denote the corre- 
spondmg positions of B. 

Then 8[TJ,T,Ti = 8[Bfififii, 

since these pencils are eqniangular. 

Ex« 2. Let TPy TQ (fig., p. 56) be fixed straight lines, 
and T8^ TH yariable lines such that lSTQ^HTP. 
Then, if suffixes be employed as in Ex. 1, 

since these pencils are also equiangular. 

4. Condition thai a variable straight line may pass through 
a fixed point. 

Take anj two fixed straight lines intersecting in A^ and 




let the yariable line, in anj three of its positions, intersect 
one of the fixed lines in B^ C7, i>, and the other in B\ C, D\ 
Let BB\ CO' intersect in 0. Join AO^DO^ and let 

[AB'C'iy]^[ABCD]. 

Then will DO cut AU in a point which forms with 
A^ B\ C a range equal to [ABCD]^ that is, in the point D\ 

Hence, if {^5'(7'i)'} = {^fiCZ)}, Oie straight lines BB\ 
C0\ DD' meet in a point. 

Now let BB\ CO' be fixed positions of the yariable line. 
Then, the aboye condition being satisfied, DI/ passes through 
the fixed point 0. 
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5. Cond'Uian that a variable point may lie on a fixed 
straight line. 

Let Oj 0' be fixed points and B^ Cj D anj three positions 
of the variable point. 




Join CB*^ produce it to meet (70 in -4; construct the 
pencils 0, (7, as in the figure; and let 

{ABGD] = a {ABGD]. 

Then the pencils 0, O being equal, the rays OD^ OD will 
meet the straight line ABC in points which form with -4, J5, G 
equal ranges. This is to say, they will both meet it in the 
same point. Therefore D lies on the straight line ABG. 

Now let B^ G be fixed positions of the variable point. 
Then D lies on the fixed straight line BC. 

Hence, also if two pencils have one ray {00^ in common 
their remaining rays will intersect two and two in three points 
which lie on a straight line. 

The notation [AA'^ BB') will be used to express the point 
of intersection of the straight lines AA\ BB\* 

HARMONIC PENCILS AND RANGES. 

6. Pencils and ranges are said to be harmonic when their 
anharmonic ratios are ratios of equality. 

Let [ABGD] be a ratio of equality. 

Then AB.GD^AD.BG. 

Therefore ABiAD^BG: CD, 

or AB, AGj AD are in harmonical progression. 

* Smith's Prize Examination, 18^2. 
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7. CandtHan that a range [ABCD] may be harmonic. 

If the ratio AB.CD : AD.BC be equal to its reciprocal 
AD.GBi AB.DC it must be a ratio of equality. This 
follows bj a reductio ad absurdum. 

But the former of these ratios is equal to {ABCD]j and 
the hitter to {ADCB}, [Def. 

Therefore, if {ABGD} = {ADCB}^ 

or if [ABCD] = { CBAD], shnUarly, 

the range will be harmonic. 

Hencej a range will be harmonic if in the expression for 
its anharmonic ratioj the second and fourth^ or the first and 
tiiirdj letters of the range can be interchanged toithotU altering 
the value of the eaypression. 

Converselji both of these changes will be possible if the 
range be harmonic. 

8. Conditions that a pencil may be harmonic. 

(i) Let OBy OD (fig., p. 178) be the internal and external 
bisectors of the angle AOG. Then will the pencil O be 
harmonic. 

For, if ABCD be anj transversa], then 

AB:BC=^AOiCO [Euc. vi., 2, 

= AD:CD. 
Therefore AB.CD = AD.BC^ 

or {ABCD] is a ratio of equality. 

(ii) A pencil will also be harmonic when a transversal 
aBbj drawn parallel to one of its rays ODj is divided into 
equal segments aJ9, Bbj by the points in which it intersects 
the other three rays. [fig., § 1. 

For 0{ABCI)\ being equal, as in the first article, to 
aB : Bbj becomes in this case ^ ratio of equality. 
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9. Harmonic properties of a compleis qt^^ 
Let the opposite sides of the quadrilateral ABCD inter- 
sect in P, Q, as in the figore. 




Let -4(7, BD intersect in 0, through which draw PMOBj 
cutting ADj BG m M^B respectively. Draw QO. 

Then {DMA Q] = [BB GQ]^ [Ex., p. 179, 

since all ranges of the pencil Oare equal. 

SimUarly {DMA Q] = { GBBQ], in the pencU P. 

Therefore { GBBQ] = {BB GQ], 

or the pencils (7, P are harmonic. [§ 7. 

So too is the pencil Q. 

ANHARMONIC PROPERTIES OP C0NI08. 

10. The range in which four tangents to a conic are inters 
sected by any fifth tangent is equal to the pencil formed by 
joining the points of contact of the four tangents to the point 
of contact of the fifth. 

Let the chord PQ (fig., p. 11) meet the directrix in jS, and 
let the tangents at its extremities intersect in T. Then TB 
subtends a right angle* at the focus B. 

Take anj four positions of the points B^ 7, and let Q 
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remain fixed. Tfaen, the same letters bemg used, with 
Boffizes aa in Ex. 1, p. 180, 

Hence {T,T,T,T^ = Q {B,B^^^ 

which ia the required result. 

11. If AjB^ Of D be fited points on a conic and P any 
dher point on the same conicj then toUl P[ABCD] he constant. 
Let the rays of the pencil P meet the dkectrix in the 




points a, h^ c, d. Then the angle aSb is constant, since it 
is equal to half the angle A8B. [Prop, vii., p. 10. 

Similarly it may be shown that each of the angles hSc^ 
c8d is constant. 

Hence {abcd\ s 8 [abcd\ ^ a constant. 

Therefore P{ABCD]f being equal to {abcd\f is constant. 

Conversely, %fP{ABGD] he constant^ the points Aj 5, (7, D 
being Jlxedj then the locus of P is a conic passing through the 
four fixed points. 

12. J^the tangents to a conic at four fixed points Ay BjC^D 
intersect the tangent at P in the points a, &, c, d respectively ^ 
then will {ahcd\ he constant 

For, if i9 be the focus, the angle aSb is constant, since it 
equal to half the angle ASB. [Prop, vii., p. 10. 
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Similarly it may be shown that the angles bSc^ cSd are 
constant. 




Hence 8{(ibcd\^ and therefore {ahccl\j is constant. 

"Conversely, if a variable straight line be intersected by four 
^J!^' straight lines in a range of constant anharmonic ratio j 
jSe envelope of the variable line will be a conic touching the 
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iir fixed lines. 



f 



beianchon's theorem. 



13. If ABGA'B'G* be a hexagon circumscribing a conic^ 
thirn will the straight lines AA\ BB\ CC meet in a point. 
Let AB^ ^C meet A' Cm the points E^ F. 

Then A [BCA 0'} = {ECA'F\. 
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Agam, let BA^ BG meet B'C in the points G^ K. 
Then B [ACB'C] ^{GKB'C]. 

But [ECA'F]^ { GKB'C] are equal (Art. 12), since ihey are 
the anharmonic ratios of the ranges of the same four tangents 
ABj BCj B'A\ AC on the tangents CA\ B'C respectively. 

Therefore A [BCA C] ^B{A CF C], 

and, the ray AB bemg common to these equal pencils, the 
three pomts [AG, BG), [AA\ BB), {AC, BG') lie on a 
stnught line, or the straight lines AA', BB', GG' meet in 
a point. 

FASCAL^S THEOBEM. 

14. If ABGDEF he a hexagon inscribed in a conic, then 
will the points of intersection of the three pairs of opposite sides 
AB, ED; BG, FE; GD, AF lie in a straight line. 

Let 0, P, Q be the three points of intersection, and let 
PB, PFisoi OE, QG respectively in the pomts K, L. 




9 
Therefore B{EI)GA} =F{EDGA], 

or [EDKO]^ [LDGQ]. 

But the point D is common to these equal ranges. Hence 
EL, KG, OQ pass through the same point. 
Therefore OPQ is a straight line. 
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15. Let D coincide with C. Then the straight line which 
jomg the points {AB^ EG)^ {BGj FE) passes through the 
point in which the tangent at C meets AF^ 

Conversely, when five points on a conic are given, the 
tangents at those pobts may be drawn. 

INVOLUTION. 

Def. Let ^, ul' ;£,£';... be any number of pairs of 
points lying in a straight line, and let 

OA.OA^OB.OB'^...^ 

where is a point in the same straight line. 

Then the points A^ A\ ... are said to form a system in 
InvoltUian of which is the Centre. 

Two points as Aj A' are said to be conjugaie^ and a point 
at which two conjugate points coincide is said to be a Focu8. 

When conjugate points lie on opposite sides of the centre, 
it follows from this definition that the system has no foci. 

When conjugate points 9a A^ B (fig., p. 189) lie on the 
same side of the centre, then the point F^ whose distance 
from is a mean proportional between OA and OB^ is 
a focus. There will also be a second focus (at an equal dis- 
tance from 0) in FO produced. 

16. Any two points which form with two fixed points a 
harmonic range belong to a system in involution^ of which the 
fiaed points arefod. 

The construction of the Lemma, p. 14, being used, let 8N 
produced meet PQ in B'. Then iSfi, 8E^ being the external 
and internal bisectors of the angle P8Q^ the range PEQE 
is harmonic. 

Now, since NQ^ SB are parallel, 

OQiOB^ON lOM [Euc. vi., 2, 

= OR : OQ^ similarly. 
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Therefore OB.OR = OQ'j 

which proves that B^ B are inyolntion with the foci P, Q. 

Anj two conjugate points^ as J2, ^, are hence ssud to be 
Harmonic ConjugcUea with respect to the foci. 

Conversely, any two conjugate points of a system in 
involution form with the foci a harmonic range. 

17. The range formed hy any four points of a system in 
involution is equal to the range formed hy their four corrugates. 

Let Aj Bj Cy D he four points of a system in involution, 
and A\ B\ C\ D their conjugates. Then OA.OA'^ OB. 0B\ 
where is the centre of the system. [Z^ 

Therefore OA : OB' = OB : OA. 

DIvidendo A'B' : OF = AB : OA. 

Similarly, G'F lOD^GDiOG. 

Hence, by compounding, the rectangle AB\CD is to' 
OB'.On as AB.CD to 0^.0(7; also, if the letters jB, 2) be 
interchanged throughout, the antecedents of this proportion 
become J.'jD'.^' (7' and AJD.BGj the consequents remaining 
unaltered. 

Therefore A'F.G'iy : A'U.B'C =^AB:GD : AD.BG^ 
or {A'B'G'D'}^{ABGD]. 

18. A system in involution is determinate wheuj any point 
being given^ its conjugate may be found. 

This is evidently the case when the centre is given, and 
also the rectangle contained by its distances from any two 
conjugate points. 

Hence a system is determinate : 

(i) If the foci be given. For, in this case, the centre is 
the middle point of the line joining them, and the rectangle 
is equal to the square on half the line. 

(ii) If two pairs of conjugate points be given. For, 
through the points Jl, A' draw parallel straight lines APj 
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A*Q*, and through the conjugate points J9, B' draw parallel 




straight lines meeting the former In P, Q respectively. 
Then, if QPj A' A meet in 0, 

OA : 0A'= OP : OQ [Euc. vi., 2, 

= OE : 05, similarly. 

Therefore OA.OB^ OA'. 0B\ 

Hence the centre and the rectangle are determined. 

19. The following are examples of two general methods by 
which it may be proved that a system of points is in involution. 

Ex. 1. Let any number of circles be described passing 
through the same two points A^ A\ and let any straight line 
cut these circles in the pairs of points P, P' ; Q^ Q'l .... 

Let the two straight lines intersect in 0. 

Then, OP.OF^OQ.OQ^..., 

since each of these rectangles is equal to OA,OA\ [Euc.iii.,36. 
Hence P, P ; Q, ^ ; ... are conjugate points of a system 
in involution, being the centre. 

Ex. 2. Through 0, the intersection of the interior dia- 
gonals of the complete qtiadrilateral in fig., p. 183, draw any 
straight* line, cutting the third diagonal in 0'. Let this 
straight line also cut the sides DA^ GB in M^ iT, and the 
sides ABjDG in N, IT. Then will if, if'; iV, J\r be 
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oonjiigate points in a sjatem in inyolntion wblA has O, O 
for focL 

For, sinoe the pendl Q is harmonic, Art 9, the range 
Oj MjOj if Ib harmonic Similailj the range (7, N^ 0, If 
is harmonic; which proyes the proposition. 



EXAMPLES. 

m 

1. If a pencil cat two transyersak, neither of which is 
parallel to one of its rays, in the points A^ Bj C^ D'y 
A\ B'j C'j /y, prove by a direct method that 

{A'B'C'iy]=={ABCD}. 

2. If a straight line passing through a fixed point cut two 
fixed straight lines, the straight lines which join the points of 
section to two fixed points intersect on a fixed conic. 

3. A straight line having one extremity on a fixed 
straight line moves so as to sabtend constant angles at two 
fixed points. Prove that its other extremity traces out a 
conic section. 

4. The sides of a triangle pass through fixed points and 
two of its vertices move on fixed straight lines: determine 
the locus of the third. 

5. Given three points of a harmonic range, show how to 
determine the fourth by a geometrical construction. 

6. If an ellipse be inscribed in a triangle and one focus 
move along a fixed straight line, the locus of the other focus 
will be a conic passing through the angular points of the 
triangle. 
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7. If the sides of a triangle pass through fixed points 
I jbg in a straight line, and if two of its vertices lie on 
^ven straight lines, the locus of the third will be a pair of 
straight lines passing through the intersection of the given 
straight lines. 

8. If two triangles circumscribe a conic their angular 
points will lie on another conic. 

9. Two triangles are constructed, such that two sides of 
each are tangents to a conic, the chords of contact being the 
third sides, prove that the six angular points lie on a conic. 

10. Assuming that the pencil which joins four fixed points 
on a conic to a variable point on the curve is constant, prove 
that, if from anj point on a conic pairs of perpendiculars be 
drawn to the opposite sides of a given inscribed quadrilateral, 
the rectangle contained by one pair varies at that contained 
by the other. 

11. The square of the perpendicular from a point on a 
conic upon any chord varies as the rectangle contained by 
the perpendiculars from that point upon the tangents at the 
extremities of the chord. 

12. Hence prove that a chord of a conic is divided 
harmonically by any point in its length and the point in 
which it intersects the chord of contact of tangents through 
that point. 

13. If normals be drawn to a parabola from any point 
on the curve, the chord joining their extremities will meet 
the axis in a fixed point. 

14. PQ is a chord of an ellipse normal at P, and QR 
any chord which subtends a right angle at P. Prove that 
the opposite sides of the quadrilateral FQOB intersect on 
a fixed straight line. 
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15. IS A^BjC] A\ B'j'C be fixed points on two straight 
lines, and {A'B'C'iy} = {ABCD]j detennine the envelope 
of 2>2y. 

16. Find the envelope of the base of a triangle inscribed 
in a conic, two of its sides passing through fixed points. 

17. Three pairs of conjugate diameters of a conic form 
a pencil in involution. 

18. A straight line is cut in involution by the sides and 
diagonals of a quadrilateraL 

19. Straight lines drawn fix>m any point to the extre- 
mities of the diagonals of a complete quadrilateral form a 
pencil in involution. 

20. A straight line is cut in involution by any conic and 
the sides of an inscribed quadrilateral. 
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CHAPTER XIV. 



POLES AND POIjARS. 



The Polar of a fixed point with respect to a copic is the 
straight line which is the locus of intersection of tangents 
at the extremities of a chord which passes through the 
fixed point. See p. 87. 

Conversely, if pairs of tangents be drawn to a conic fi'om 
points on a fixed straight line, the fixed point through which 
their chords of contact pass is said to be the Pole of the fixed 
• straight line. 

A triangle is said to be iself-conjugate with respect to a 

conic when each vertex is the pole of the opposite side. 

. . . • ■ ' 

^ 1. If a chord of a conic pass through a fixed pointy the 
tangents at its extremities will intersect on a fixed straight line* 
\ Let LN be the chord of contact of tangents drawn from 
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tlie fixed point P, aiid ME ao j dioid timnigli P, cottuig LN 
in 0. Let the tangents 9X M^ R intenect in Q, and form 
with thoee at X, iV the qoadrilatenl ABCD^ as in the figure. 
Then P, A^ N^ B ib the range in which the tangents at 
£, Jf, N^ R cat the tangent at N. g 3, p. 173. 

Theiefore {PANE] » N [LMNR] [§ 10, p. 183, 

» Z {ZiO^}, [§ 11| p. 183, 

or [PANB\ = {Pif OiJ}. 

Since these eqoal ranges hare the point P common, the 
straight lines MA^ ON, RB meet in a point. (§ 4, p. 180. 

Hence the tangents at Jf, R intersect on the fixed straight 
line LN. 

The fixed point may lie vnthin the eorve, as cm p. 87, 
or without it, as in the present article. 

2. A chord of a conicj drawn through any pointy ts aU 
hamwnically by the pointy the curve and Ae polar ofthepoinL 

In the last fignre QL is the polar of P. 

Also L [LMNR] ^N{LMNB], [§ 11, p. 183, 

or {PMOR]^ [OMPR]. 

Hence MR is divided harmonicallj in 0, P. [§ 7, p. 182. 

The polar of any fixed point P, through which a chord 
iZdf passes, is sometimes defined as the straight line which is 
the loeas of a point Oj so taken as to form with P, ilf, JR 
a harmonic range. 

3. ITie intersection of any two straight lines is the pole of 
the line which joins their poles. 

Let JB-M", LN be chords which Intersect in 0. Tjet P be 
the polar oi OQ and Q the polar of OP. 

Then, since MR is divided harmonicallj in 0, P, therefore 
P lies on the polar of 0. Similarly, Q lies on the polar of 0. 

Therefore PQ is the polar of 0. 
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A: If a quadrilateral eircumscrtbe a conic ike intersections 
of its opposite sides and of its diagonals will be ike vertices 
of a sdf'Conjngate triangle. 

Let BA^ CD and DA^ CB^ opposite sides of the circum- 
scribing quadrilateral, intersect in P, § respectively. Also let 
the polars of P, Q intersect in 0. Then is the pole of 
JPQ^ and the triangle OPQ is self-conjugate. Join PQ, 

Then the pencil P is harmonic, since PB is the polar of 
,Q. Hence, by the harmonic properties of a complete quad- 
rilateral the intersection of A (7, BD must lie upon PR. 

For a like reason it lies also upon QL^ and therefore coin- 
cides with ; which proves the proposition. 

5. If a quadrilateral he inscribed in a conic the intersex 
tions of its opposite sides and of its diagonals vrUl he the 
vertices of a self-conjugate triangle. 

Let BA^ CD and DA^ GBy opposite sides of the inscribed 




quadrilateral, intersect in P, Q respectively. Let -4(7, BD 
intersect in 0, and draw PMOR cutting AD^ BC in Jkf, R. 

Join PQ. Then, by the harmonic properties of a com- 
plete quadrilateral, the pencil Pis harmonic. 

Hence, AD being cut harmonicaHy in M and Q^ the point 
M lies on the polar of Q. So too does R. 

02 
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Therefore OP Lb the polar of Q^ and simHarlj OQ\a the 
polar of P. It follows that is the polar of PQ and that 
the triangle OPQ is self-conjugate. 

%, If a quadrilateral he described about a conic and an tn- 
scribed quadrilateral he formed hy joining the points of contact^ 
then will the diagonals of the itoo intersect in the same point* 

Also J if the quadrilaterals he completed^ they will have a 
common third diagonal. 

The first part of the proposition was proved in Art. 4, 
where it was shown that the diagonals of the quadrilaterals 
ABCDj LMNR intersect in 0. 

Also, hj Arts. 4, 5, the third diagonal is in each case the 
polar of 0, and is therefore common. 

7. The range formed hy four points which lie in a straight 
line is equal to the pencil formed hy their polars. 

Let jTbe the intersection of tangents to a conic (fig., p. 11) 
at the extremities of a chord which meets the directrix 
in B. Let T^^ T,, T,, T^ be any four positions of JJ and 
R^y 22,, ^3, R^ the corresponding positions of R. 

Then B{T,TXn = 8[BfifiMy 

for these pencils are equiangular, the angle TSR being con- 
stant. [Prop. Yiii., p. 11. 

Now let T lie on a fixed straight line. Then will its 
polar pass through some fixed point 0. 

Therefore {2;2;7;!rj = 0{5,£,jB35J, from above, 
which proves the proposition. 

BEOIPBOCAL THEOREMS. 

8. Li consequence of the properties of polars already 
proved, many theorems are reciprocally related in such a 
manner that, when one is given, another may be imme- 
diately deduced. 
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Ex. U The theorems of Arts. 4, p. 180 and 5, p. 181 are reciprocal. 

In the figure of the former article, to avoid confusion, suppose the 
letters A, B, ... changed into a,h, .... 

In hg., p. 181, let O, (y he any two pencils which have the ray 
0(y common, and JB, C, D the intersections of their remaining rays, 
taken two together in the same order. 

Let a, h, e, d be the poles of the rays of the pencil O, and a, 5', df, d 
the poles of the rays of the pencil O, 

Then [dbcd)^0{ABCl>]. 

Similarly {ah'ed^^a{ABCD]. 

Also &&', c&, M are the polars of By C, 2) respectively. [S 3» 

Now if By C, i) lie on a straight line, then will their polars 66', e^, ddf 
pass through the same point. 
The condition for the former is 

0{ABCD]^a{ABCD]. 

Therefore the condition for the latter is 

{abed) » {a6V<f }. 

Conversely, the latter condition being assumed, the former may be 
deduced. 

Ex. 2. If four chords be drawn from a point P on a conic (fig., 
p. 184) to meet the curve again in A, B, C, 2>, and, if the tangents at 
these four points meet the tangent at P in a, 6, <;, d respectively, then 
will a, 6, c, d be the poles of the four chords. 

Therefore {abed} = P {ABCD}. [§ 7. 

Now, if it be assumed that {ahcd} is constant, it follows that 
P{ABCD} is constant, and conversely. 

Hence the theorems in question are reciprocal. 

9. If' ike locus of a point he a conic the envelope of its 
polar will he a conic. 

Let -4, -B, (7, D be fixed points and P any variable point. 
Let the polars of the fixed points, with respect to any given 
conic, cut the polar of P in the points a, J, c, rf, which are 
therefore the poles of PA^ PB^ PC^ PD. [§ 3. 

Then {ahcd\^P{ABCD]. [§ 7. 
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Now let the locus of P be * conic peanng Aroi^ 
Aj By C, D. Then P[ABGD} is constant [§ 10, p. 183. 

Hence, [abcd\ being constant, the polar of P toiKJies a 
fixed conic. [§ 11, p. 183. 

Ex. The tbeorenu of Paacal and Bxiandum are leeiproeaL 

For, if ABCDEF (^^ p. 186) be a liexagon inscribed la a conic, 
the polan of iU angnkr points will f<Nrm a hexagon abedW enTelc^pini^ 
a conic, and the yertices of the latter hexagon will be the pc^es of the 
sides of the former. 

Hence, if AB, ED inteiBect in P, then will P be the pole of one 
of the lines, as otf", which join opposite Tertices iA the enyeloping hex- 
agon. Similarly P, Q will be the poles of W, cc^. 

It follows that, if O, P, Q lie in a straight line, on', W, ee^ will meet 
in a point ; and conTersely. 

It will be found that the proof b of these theorems already giren in 
Chapter xnL are reciprocal throughout 

10. General method of reciprocation. 

It has been proved that, if any number of points lie on 
a conic, their polars will envelop another conic. Hence, in 
reciprocating theorems which relate to conies, the words locus 
and envelope must be interchanged. 

Similarly, point must be written for line; point on a etmic 
for tangent to a conic; inscribed for circumscribed; &c. and 
conversely. 

The method by which theorems are deduced from their 
reciprocals is called the method of Reciprocal Polars. 

The following are examples of reciprocal theorems : 

If a conic be inscribed in a tri- If a conic be cbrcumscribed to 

angle, the straight lines joining a triangle, the tangents at the ver- 

the points of contact to the op- tices meet the opposite sides in three 

. posite vertices meet in a point. points lying on a straight line. 

If a quadrilateral circumscribe If a quadrilateral be inscribed 
a conic, the intersections of its op- in a conic, the intersections of its 
posite sides i&nd of its diagonals opposite sides and of its diagonals 
"will be the vertices of a self-con« will be the vertices of a self-con- 
jugate triangle, jugate triangle. 
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Tlta pdUixf ft ixedftsaiglit fine, Tlw polar of a ixcd pobt, with 

wkh ve^eet to a eonio inscribed respect to a eonio cihmaiNiihiQg a 

in a given qiiadrili^ral» lies oa a giyen quadrilateral^ passes througk 

fixed right line» a fixed point 

If two triangles ¥e polar red- If two triangles be polar reci- 
procals with respect to any conic, procals with respect to any conic, 
the intersections of their corre- the straight lines which join their 
•ponding sides lie on a straight corresponding verticea meet in a. 
line. point. 
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1. OA^ OB are tangenta to a eonio and OD a ebord 
which aabtends a right angle at A. Prove that, ri AG 
bisect the angle OABy then CD passes through 0. 

2. Api^y the method of the present chapter to draw 
tangents from a given point to a conic with the help of the 
niler onlj. 

Compare Ex. 24, p. 22. 

3. Four straight lines, drawn from the same point, meet 
aconiain^,J, a,i>; -4',jB', 0',2>'. Prove that 

P[ABCD]^P[A'B'G'ly}, 

where P is any point on the curve. 

4. AB^ CD are parallel chords of a conic, and DE a 
chord which bisects AB^ Prove that the tangents at C, ^ 
intersect on AB. 

6. If the tangents to a parabola and their chords (tf 
contact be produced, two and two, diew that each tai^ent 
is cut harmonically. 
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6« A ijtlAdrilateral bemg inscribed in a drde, a triangle 
is foimed by joining the points of intersection of its diagonals- 
and opposite sides. Prove that the perpendicalars from the 
angular points of this triangle upon the opposite sides pass 
through the centre of the circle. 

7. A chord of a conic which subtends a right angle at 
a fixed point on the curve passes through a fixed point on 
the normal. 

8. The anharmonic ratio of the pencil formed by any four 
diameters of a conic is equal to that of the pencil formed by 
the conjugate diameters. 

9. Hence deduce that the anharmonic ratio of any range 
is equal to that of the pencil formed by the polars of the 
points which constitute the range. 

10. Any number of points which lie on fl straight line are 
in involution with the points in which their polars cut the 
straight line. Hence deduce the result of the last example. 

11. The sum of a pair of supplemental chords equally 
inclined to the normal at their point of intersection is equaF 
to the diameter of the circle which is the locus of intersect 
tion of tangents at right angles. 

12. PQ is a chord of a circle whose pole lies on US. The 
chord QT being parallel to ItSj prove ^at PT bisects B8. 

13. The envelope of the polar of a point on the circum^ 
ference of a circle, with respect to a circle whose centre is 8^ 
ii a conic having 8 for focus. 

14. Prove that the eccentricity of the conic varies directly 
as the distance between the centres of the circles, and in- 
versely as the radius of the former. Hence determine in 
what cases the conic will be j^n ellipse^ a byperibola, or a 
parabola respectively* 
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15. OAj OB are tangents to a conic ; C anj point on the 
curve. Prove that if /*, Q be points in A (7, BCj such that 
OPQ is a straight line, then jBP, A Q intersect on the curve. 

16. A conic is inscribed in a triangle ABGj the points of 
contact being A\ B\ C. If P be any point on B'C\ the 
straight line joining the points in which BP, CP meet -4 C^, 
AB respectively touches the conic. , 

17. If two triangles be so related that the sides of each 
are the pokrs of the vertices of the other, their six angular 
points will lie on a conic. 

IS. If two triangles be self-conjugate with respect to the 
came conic, their angular points will lie on a conic. 

19. If two triangles be polar reciprocals with respect to 
a conic, the straight lines joining their corresponding vertices 
meet in a point, and the intersections of corresponding sides. 
lie in a straight line. 

20. Pjp, Qq^ are chords of a conic parallel to the tangents 
QT^ PT respectively. Prove that the tangents at j?, q inter- 
sect on the diameter through T. 
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CHAPTER XV. 



PROJECTION. 



I£ an peintB of a plane figure be joined to a point not in 
the same plane, the joining lines fonn a Cane of which the 
fixed point ia yertex, and the figure in which this cone ia cat 
bj any plane ia said to be the Conical Projection^ or amply 
die Phgectim^ of the original figore. 

The plane of the original figure will be called the Primi^ 
tke PUme^ and the catting plane the Plane of Projection. 

1. In the figore, let the large carve represent the projectien 
of the small conrei Fbeing the vertex. Then the two curves 
are so related that a straight line drawn fixmi V to any point 
on the latter carve will pass through some pcmit on the former. 
The second of these points is the projecticm of the first. 

2. The projection of a straight fine, as BO^ is determined 
by the intersection of the plane BOV^ drawn through that 
line and the vertex, with the plane of projection. Thus the 
projection of BO is the straight line BO. 

It is evident that if a straight line pass through a fixed 
point, its projection will pass through a fixed point, and if the 
locus of a point be a straight line, that of its projection wil] 
be a straight line. 

In what follows, the primitive plane and the plane of pro- 
jection are supposed to be fixed* The vertex has, in eacL 
case, to be determined. 

3. * To project an angle into any given angle. 

Let A OB be any angle in the primitive plane ; a, h points 
in AO^ BO respectively. On ab describe a segment of a cirde 
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(in $k plane parallel to the plane of projection) containing an 
angle equal to that Into which it is required to project AOBy 
and let Fbe anj point on the segment. 




Take Ffor vertex and let the plane of projection intersect 
the primitive plane in the straight line AB. Let 0' be the 
j)rojection of 0. Then VaO'A is a plane. [Euc. xi., 2. 

Now, since the parallel planes Vab^ A OB are intersected 
by the plane VaOA in the straight lines Va^ AO respectively, 
therefore Va and AO 9X% parallel (Euc. xi., 16). Similarly 
FJ, J?0' are parallel. Hence z. -4 O'jB = a FJ. [Euc. xi., 10. 

But A O is the projection of A 0, and BO that of BO. 

Hence A OB is the projection of A OB^ and it is equal to 
aVb or to the given angle. 
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4. Let a plane diraagh the vertex, panBel to tk pfaoie 
of projecdon, cot the primitive plane in the line oft. llieo 
a straight line drawn throngfa die rertez and an j point on 
ab will not meet the plane of projection, since it lies wholly 
in a plane parallel to the plane of projection. In other wosda, 
all points on the line ab are nnprojected. 

For this reason, ab is called the Utqfrqfeded line. It is also 
said to be projected to infinity^ since the plane (^ projeeti<m 
and the parallel plane Vab may be r^arded as interaectiiig 
at' an infinite distance. 

5. Ant straight un£ being unprojected, akt two 
angles may, in general, be projected into giyen angles. 

Take any straight line in the primitive plane, and let it 
be intersected in a and b by the straight Unes which contain 
any angle A OB, in the primitive plane. 

Through ab draw any plane, in which take a point V for 
vertex. Then ab will be unprojected if the plane Vab be 
taken parallel to the plane of projection. 

Also, as was shown in Art. 3, the angle aVb is equal to 
the projection of A OB. Hence V may lie any where on a 
segment of a circle described upon ab and containmg an 
angle equal to that into which A OB is to be projected. 

Let the straight lines containing the second of the angles 

which are to be projected meet the unprojected line in the 

. points rtj, Jj. Then, as in the former case, V may lie any 

where on a fixed segment of a circle, described upon a^, \ 

in the same plane with the former. 

Hence, if the intersection of the two segments be taken as 
vertex, the original figure will be projected as required. 

The segments will not always Intersect. In such cases 
the conditions cannot be all satisfied. 

The straight line In which the plane of projection cuts the 
primitive plane is sometimes called the Intersection. 
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The plane through the vertex parallel to the plane of pro- 
jection may be called the Vertex Plane, 

6. To project ani, quadrilateral into a square. 
Complete the quadrilateral and let the exterior diagonal 

be unprojected. Then the projection Is a parallelogram, since 
the points of intersection of its opposite sides are removed to 
an infinite distance. 

Project an angle of the quadrilateral into a right angle. 
The projection is then a rectangle. 

Project the angle between the interior diagonals Into a 
right angle. Thus the projection becomes a square. 

7. The anharmonic ratios of ranges and pencils are equal 
to those of their projections. 

Let be any point and 0' its projection; -4, jB, (7, D 




any range of a pencil whose vertex is 0, and A\ B\ G\ U its 
projection; F the vertex. 

Then, since all ranges of the pencil Fare equal, 

which proves the first part .of the proposition. 
Hence also [ABCD] = 0' [A' B' CD'] ; 
which proves the second part. 
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8. Comaprofed iido comes. 

Let A^ B^ Cj D he firar fixed points on a ccmic; 
A\ Bj C\ If tbeir pnojectiiMis: F any other pcMnt <hi. the 
conic; P its projection. 

Then F{ABCD\ ^F{AB(TD\. [§ I. 

But P\ABOD\ is constant. [§ 11, p. 184. 

Therefore, P\ABCD\ being constant, the locos of P' is a 

conic, passing throogh the fixed ^ints A^ jB', C, 2^. [§ 1 l,p.l84. 

9. To project a come vUo a ctrek having ike prqfedupn of 
a given point jnr centre. 

Take anj point C and let its polar be nnfMrojected. nien 
the projection of G will be the centre of the projection, the 
centre being that point in a conic whose polar is at infinity^, 
since tangents at the extremities of any diameter are paialleL 

Draw any chord ACA\ take any two points P, Q on the 
conic, as in the figore, and project the angles APA!^ AQA' 
into right angles. 

Now suppose the figm^ to represent the projection, so 
that C is the centre. Then, since 
CA = CA\ and P, © are right 
angles, therefore GA^CP^CQ. 
Hence the projection is a drcle, 
since it is a conic in whidi three 
real diameters are equal. 

It follows that a conic may be 
projected into a oirde, any arbi- 
trary straight line in its plane being unprojected. 

10. Tangents project into tangents. 
For, let P, Q be adjacent points on any curve, and 

P, Q their projections. Then, when Q moves up to coin- 
cidence with P, Q moves up to coincidence with P; and, 
when PQ becomes the tangent at P to the locus of P, 
PQ becomes the tangent at P to the locus of P'. 
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11* The rdaJtiOfiB of pole cmd pclar are unaltered by 
projection^ 

For, if a chord pass through a fixed point, its projection will 
]paas through a fixed pomt ; and if the tangents at the ex' 
tremities of the chord meet on a fixed straight line, the pro- 
jections of these tangents will be tangents wbidi intersect 
on a fixed straight line. 

12. To project a given conic into a parabola. 

Let anj tangent be unprojected. Then the projection 
is a parabola, since it is a conic which has a tangent at in- 
finity. [§ 2, p. 172. 

13. To project a conic into a conic having the proje/stions 
<yf given poirUa for focus and centre. 

Let 0, S be the given points, and let the polar of C be 
unprojected. Then the projection of C is the centre of the 
projection. 

Let C8 meet BX^ the polar of 5, in X Project the 
angle 8XR into a right angle. Then the projection of S 
lies on an axis of the projection. 

Draw any tangent RP and project the angle P8R into 
a right angle. Thus the projection of 8 becomes a focus 
(Prop. I., p. 6], its polar being the corresponding directrix. 
See Prop, ii., p. 7. 

14. To project a conic into a hyperbola^ of given eccentricity ^ 
and having a given point for centre. 

Let PQj the chord of contact of tangents through any 
point Oj be unprojected. Then, the projection of C is the 
centre and (7P, CQ project into tangents whose chord of 
contact is at infinity, that is, into the asymptotes oi a 
hyperbola. [§, p. 173. 

Again, if the eccentricity of the projection be given, the 
angle between its asymptotes is given. Hence, if the angle 
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PCQ be projected into the g^T^i imgl^i the thing required 
is done. 

15. Straight line$ which intersect in a paint may he pro- 
jected into parallel straight lines. 

Conversely J paraUd straight lines prcject into straight lines 
which intersect in a point, 

A system of intersecting straight lines being given, let 
anj straight line through tiieir point of intersection be un* 
projected. The point of intersection being therefore pro- 
jected to infinity, the projected lines will be parallel. 

ConTeraelj, if a system of straight lines in the plane 
of projection be parallel, the straight lines in the primitive 
plane to which they correspond will meet upon the unpro- 
tected line. 

16. If three pairs of lines, in the plane of projection, 
be parallel, the corresponding pairs of lines in the primi- 
tive plane will, by the last article, inters^ upon the un- 
projected line. 

Hence in order to prove that the intersections of three 
pairs of lines lie in a straight line, it will be sufficient 
to show that the three pairs of lines may be projected into 
parallels. 

The same is true of any number of systems of inter- 
secting lines. 

17. Projective Properties are those which, if true for 
any figure, are true for any other figure into which it can be 
projected. The use of projection, in such cases, is to simplify 
the figure without diminishmg the generality of the proof. 

It follows from Art. 7 that anharmonic and harmonic pro- 
perties are, in general, projective. Properties which relate 
to poles and polars are also included in this class. [§11. 
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Ex. 1. ' To prove the harmdnio properties of a complete 
quadrtlateraL * [§ 9, p. 183. 

Project the quadrilateral into a square. Then the dia^ 
^onals form a harmonic pencil with the straight lines drawh 
through their intersection parallel to the sides. [§ 8, p. 182. 

Hence the pencil is harmonic, &c. [fig., p. 183. 

Ex. 2. To prove Pa^caVs Theorem. [p. 186. 

■- Let the conic be projected into a circle, the straight line 
Trhich joins^ the intersections of two pairs of opposite sides of 
the inscribed hexagon being unprojected. Then the pro- 
position is reduced (§ 16) to the following, which is easily 
proved. 

A hexagon inscribed in a circle has two pairs of opposite 
sides parallel ; prove that the remaining sides are parallel. 

Ex. 3. Two sides of a triangle inscribed in a . eonio pass 
throiLgh fixed points ; prove that the envelope of the third is 
a conic. 

Let the conic be projected into a circle, the line which 
joins the fixed points being unprojected. Then two sides of 
the projected triangle. are parallel to fixed lines. 

Qence the third side, subtending a constant angle at the 
circumference and therefore at the centre, envelops a con- 
centric circle. 

ORTHOaONAL PROJECTION. 

18. If from all points of any plane figure perpendiculars 
be drawn to a given plane, the feet of the perpendiculars 
trace out what is called the Orthogonal Prcjection of the 
original figure. 

Orthogonal projection is a particular case of conical pro- 
jection, since, when the vertex of the cone is removed to 
infinity, the generating lines become parallel. 

p 
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19. P4mJld ^itraigU limmpnJKt fMrthe gmuiBg mtopamBd 
$^a%ght Imu. 

For planes drawn through the linen 'peipendicBlar to the 
plane of projection are parallel^ and tiberefone ^nk ike plane 
of prqeetion in iponJlel lines. 

20. Parallel 9traight Tinea are to their prajectionB in a 
ttmetflnt ratio. 

For if PQ be any stnogjht line^C^^p. 144) and NM its 
*orthb(^nal iprojection, then, the inclinaiimi of PQ^ MBf being 
eonstaUt, their tatio ia also cenfllani. 

'21. In general, all theorems whldi are tme of -Clorre- 
sponding Points hold also in Orthogonal Projection. The 
connection between flie methods majlie exhibited as follows: 

Let a circle be supposed to be orthogonally *projected into 
msi eUipee. Let the planes of >the curves first move pandlel 
to ihemselves until the a&is of the ellipse coincides with a 
diameter of the circle, and then revolve about that diameter 
tmttl they ooincide. The tdistanoe of any p<»st on €ke ellipse 
>from the ^a&is iwill then bear arconstant iratie to the distance 
from the axis of ihepcoxitaDf mfjbiich itisithejirojedtion. 
^ilts and their projectionfl are Ihus jnade to Can/fe^and. 
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EXAMPLES. 

1. The projection of a conic will be a hjrperbola or an 
ellipse according as the iinprojected line cuts or does not cut 
the conic. 

2. Project two conies into concentric conies. 

3. Project a qu$idrilateral inscribed in a conic into ^ 
rectangle inscribed ii;i a circle. 

4. Hence prove that the intersection of the diagonals of 
a quadrilateral inscribed in a conic is tlie pole of the line 
joining the intersections of its oppo^te A'^e^ ; ^Jji^ that, if 
a second quadrilatiei:fd jbe formed b^ dr|i;wiiig t^^gei^ at the 
vertices of the first, ,1|he .di^gona}^ (^f tjxe tWfO ^iU jjoeet in 
a point. 

5. Project a conic inscribed in a qi^drilateral into a 
par^bctla jqsfcribed in an equilat^a} trli^ngle. 

6. Profject a co^ic circumscrilttng ^a triftagle intca parar 
bola circumscribing an equilatecal triangle. 

7. Prcgect xxxj conic into a parabola haying >a given focus. 

'8. If two triangles be such that the intersections of their 
corresponding sides lie on a straight line, the straight lines 
which joip their corresponding vertices meet in a point. 

9. If a quadrilateral be divided by any straight line, the 
diagonals of the original and the component quadrilaterals 
intersect in three points which lie on a straight line. 

10. If a triangle be inscribed in a conic, the tangents at 
the vertices will ipterseot the opposite sides m three points 
which lie on a straight line. 

P2 
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11. Show how to project two oonics into Bunilar conies. 

12. Under what cirenmstancefl is it possible to project 
an J number of conies into similar and concentric conies? 

13. Project anj two conies into conies whose axes are 
parallel. 

14. In a given conic inscribe a triangle whose sides shall 
pass through fixed points. 

15. If through a fixed point a line be drawn meeting 
a conic in P, Q^ and if { OPQB\ be constant, the locus of jB 
will be a conic having double contact with the former. . 

Project the fixed point to infinity and the conic into 
a circle. What is the result when {0P^5} = 1? 

16. If a tangent to a conic meet two fixed tangents in 
P, Q^ and a fixed straight line in R^ the locus of a point S^ 
so taken that \PQRS\ is constant, will be a conic passing 
through the intersections of the fixed tangents with the fixed 
straight line. What does this theorem become when the 
fixed line is projected to infinity? 

17. POP^ QOQ^ bob: J 808' being chords of a conic, 
the conies which pass through 0, P, C, ^, fl^; 0, P', C', -»', S' 
respectively have a common tangent at 0. 

18. If Ppj Qqj Br be intersecting chords of a conic, 
another conic can be' described touching the six lines PQ^ 
QBj jBp, pi^ jr, rP. 

19. Show that there are two solutions of the problem of 
projecting a conic into a circle having a given centre. 

20. Given a cone described upon a conic as base ; deter- 
mine the planes of circular section, and show that they are 
parallel to one of two fixed planes. 

Many of the examples of previous chapters will serve also 
as examples on projection. 
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In the following articles an Ellipse is considered to be 
defined as the locus of a point, the sum of whose distances 
from two fixed points is constant; and a Hyperbola as the 
locus of a point the difference of whose distances from two 
fixed points is constant. In either case it is easily seen that 
the constant length is equal to AA! or 2CAj with the usual 
notation. 

The fixed points are called Foci^ and will be denoted 
hj 8y H. 

I. The straight line which bisects the exterior angle between 
the focal distances of any point P on the ellipse is the tangent 
at that point. 

Draw YFZ (fig., p. 58) bisecting the angle between HP 
produced and fiP, and let 8Y^ drawn perpendicular to PYj 
meet HP mB. Then PB^SP. 

Therefore HB «= HP+ 8P^ AA\ 

Also, if ^be any point on the line PYj then SZ^BZ. 

Therefore SZ+ 8Z^ HZ-h BZ. 

Therefore HZ-^ 8Z is greater than HB or AA\ except 
when Z coincides with P. Hence the line PY meets the 
ellipse in one point only, and therefore touches it. 

II. It follows that the bisector of the angle 8PHy being at 
right anglie to PY^ is the normal at P. 
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III. If the normal at P, in the ellipse^ meet the ascis 

in G. then 

8G:8P^C8:CA. 

Since PO bisects the angle 8PHj 

8a:Ha^8P:HR [Euc. iii.,2. 

Therefore 8a: 8G-hHG = 8P: 8P+HP. 

But 8G + HG^2C8 and 8P+HP=2GA. 

Hence 8G : SP^ C8 : CA. 

IV. The circle which passes through the^ foci of a central 
conic and any point P on the cnrve may be called fhe Focal 
CHrth of the point P, so that Props. VI., p. bh and Vli., p. 103 
may be thus enntidated : 

The focal circle meets the tangent and normal in the 



minor axis. 



V. The distance of a point on the ellipse from either focus 
hears a constant ratio to its perpendicular distance from, a 
fo^ siria^t line. 

Let th^ normal at P meet ihe axes in G^ g. t>e8crib6 
the circle 8PHg. 
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• 

Tkrongb P drair a straight &i6 parallel te the axis, and 
let it meet ff8^ fGj fE in M^ f», tf respectiTel^. Draw MX^ 
NW perpendicular to tke axis. 

Then, since angles in the same segment are ^ual, and 
the tnaagle gSH is isosceles, 

L8PG^gH8^g8H. 
Hence L8MP=g8H [Euq^, 29, 

= iSPff J from above. 
Also i8PM^P8G. [EuQ. L,29. 

Hence, the triangles SMPj SPG bemg edmilar, 8P is to PM 
as 8G to 8P. 

But 8Gi8P^C8:CA. [§UX. 

Therefore 8P:PM^C8:CAj 

or ^P bears to Pif the constant ratio of C8 io QA •,,.•• (i). 

Also SG:PM=C8';C4\ 

But, by similar triangles, the ratio >6^(3^ : PM 13 eqiial 
to gSigMy which is e^ual, similarly, to CSinMp Also 

Therefore C8 : (7X= C^/S* : 0A\ 

which proves that X is a fixed point, and therefore MX 

a faced straight line •• »••• (ii). 

Similarly, NW is a fixed straight line, and 

HP:PN=^C8:0A. 

YI. Ths sira/ight line which Insects the <mgle between the 
focal distances of any point P on the hyperbola is the tangent 
at that point. 

Draw 8Y (fig., p. 105) perpendicular to the bisector of the 
angle 8PH and meeting HP in h. Then Pk = 8P. 

Therofor© Hk ^ HP- 8P^ AA\ 

Let ^be anj poiot on Pr. Thw /S^o^b^. 

Therefore HZ'* BZ^HZ "'Zk. . 
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Therefbrei HZ^ 8Z being less than Bk ar AA\ tbe. point 
Z lies on the convex side of the cnnre, except Ttrhen it coin- 
cides with P. Hence PY Is the tangent at P. 

YII. Hence the straight line which bisects the angle between 
HP produced and SP^ being at right angles to PYj is the 
normal at P. 

YIII. IfAe normal at P meet the axis in Oj then 

SGtSP^CSiCA. 
Since PG bisects the angle between J7P produced and SlP, 

8a:HG^8P:HP. [fiuc. vi., A. 

Therefore 80 : EG- 8G^ 8P: HP^-SR 
But HG^ 80=208 and EP-8P=2CA. 

Therefore BG\8P=C8:CA. 

IX. The distance of a point on the hyperbola from either 
focus bears^a constant ratio to its perpendicular distance Jrom 
a fixed straight line. 
' Let the normal at P meet the axes in Oj g» Describe the 




circle 8PgB. Through P draw a straight line parallel to the 
axis, and let it meet g8j gC^ gH in Jf, n, N respectively* 
Draw MX^ ^TF perpendicular to the axis. 
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Then L /gPG^ = supplement of SPg^SHg. [Enc. in., 22. 

Also L 8MP= alternate angle H8g = SHg. 

Hence, the angles SMP^ SPG being equal and also the 
alternate angles SPM^ PSGy the triangles SMP^ SPG are 
similar and /SPis to PJf as 8G to SP. [Euc. vi., 7. 

But 8G: SP^CS: CA. [§ viii. . 
Therefore SPxPM^O^iCA, 
or iSP bears to PMa constant ratio (I)^ 

Also 8G : PM= GS" : GA\ 

But, by similar triangles, the ratio 8G : PM is equal 
to g8 : gM^ which is equal, similarly, to 08: nM. Also 
nM^CX. 

Therefore C8 : CX= 08^ : CA% 

which proves that X is a fixed point, and therefore MX a 

fixed straight line ^ (ii). 

Similarly, NWis a fixed straight line and 

EPiPN^CSiCA. 

X. AU diameters of an ellipse or a hyperhola pass through 
the centre. 

(i) Let a straight line drawn parallel to the major axis 
of an ellipse meet the curve in P and the minor axis 
in 0. [fig. 1, p. 17. 

In .PO produced take a point Q such that OQ^ OP* 

Then. J7^ = /SPand SQ^HR 

Therefore SQ^-HQ^SP-vHP^ 

which proves that Q lies on the curve. 

\ Hence the minor axis divides the curve into equal and 
similar parts, for, corresponding to any point P on the curve, 
there is a point Q\\y\tig on the curve, equidistant with P 
from the minor axis.*. 



1 > • - ■ < • » 
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Bat the major lUti* dao dirides the enrpe iota eqiial end 
similar parts. Hence AM and BE (fig., p^ M) divide the 
dure into foar equal and similar parts. 

It follows that all chords through G are bisected in Aat 
point, and hence that all diameters pass through (7, a dia- 
meter being a straight line which bisects a system of 
parallel chords. [Prop, xn., p. 15. 

(ii) In the case of the hyp^fwla it maj be shown 
(fig^ 2, p. 17) that 

where P, Q are equidistant from the minor ans. 

Hence it maj be shown, as in the case of the ellipse, that 
all diameters pass through C7. 

XI. With the construction of the Lemma, p. 14, 0(7 is 
equal to \SP^ and the radius of the drele to \BQ. 




Therefore OM^ 

and ON^ 

Again, ON.OM-^ 

Therefore OYxOM-^ 

or OT.OS 

Similarly OY.OR 



r^ — 'Q IT 

Oa+(7Jf«i(ifiP+/S<?) (i), 

0C--aN^\{8P'- 8Q) (ii). 

OQ.OY. ' [Euc. III., 36, Cor. 

ONzOQ 

OMiOBj [Euc VI., 2, 

OM^ (iii). 

ON'..... (iy), 
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S bekg the (folat in wMish BN^ the intehial blaector of the 
angle P8Q^ meets PQ, 

It baa ako been shown ({f. 188) that 

OE.OEr^OCt (A 

dnd (p. 14) or: On^^JP" : PK* .....(vi). 

Let Kn ellipse tad li bTperfoola be described, having 
P, Q for foci and passing through 8. Then /Sfi touches the 
former, and 8E the latter. Also QM^ QN are perpendicular 
to iS2Z, ififi^. 

Henoe the! results (i) — (iv) correspond respectively to 
Propd. IX., p. S7 ; ix., p. 104 ; XV., p. 62 ; Xili., p. 108. 

Also (v) and (vl) may be written, with the more usual 

notation, 

Ca.CT=^C8\ 

and CNiOG = 8P':8GP 

= GA^ : 08^. [Prop, ix., p. 12. 

XII. The chard of curvature of a pardbola^ drawn parallel 
to the aayis through any point P, is equal to 4:8P, 

In fig. p. 152 suppose PU to be drawn parallel to the axis, 
instead of through the focus, and let PV be the abscissa of Q. 
The rest of the construction being the same as before, denote 
the focus by 8\ 

Then <2F" = 4flf'P*PF, [Pj*op. tx., p. 30, 

and PJ^ ^ TQ. TB. [Euc. lii., 36, Got. 

But 0F,P2' are equal. 

Hence TQ.TH^4.8T.PV. 

Also 2!ff= per ultimately; and TQ^PV. 

Therefore PU^ 4.8'P. 

XIII. The notation 8 {B\ m^f he used to express the 
anharmonic ratio of the pencil fbrmed by joining any four 
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positions of a variable point J! to the vertex 8. If T be a 
second variable point connected with the former, then 8[T] 
expresses the anharmonic ratio of the pencil formed by join- 
ing to 8 the four corresponding positions of 71 These ex- 
pressions may be regarded as abbreviations of 8 [Rfifi^R^^ 

The following article will exemplify the use of the above 
notation. 

XIV. If a chord of a conic pass through a fixed pointy the 

tangents at its extremities will intersect on a fixed straight line. 

Let a chord drawn through a fixed point meet the 




directrix in R^ and let the tangents at its extremities inter- 
sect in T. Draw CT^ from the centre, to meet the directrix 
in V. Join 8V, 8T. 

Then T8R is a right angle. [Prop. Viii., p. 11. 

Therefore 8{T]=^ 8 {R}^0{R}. 

But 8V is perpendicular to OR, [Cor. 2, p. 16. 

Therefore 0{R}^8[V}^G{V]. 

Hence 8{T}=-C{V}=^C{T}^ 

or S[TXTX}^<^{TxT^^n^4h 



APPENDIX. 221 

Let T^ lie on the axis. Then the equal pencils 8^ C have 
the axis for a common ray. 

Hence the locus of T is a straight line. [§ 5, p. 181. 

XY. Any two conjugate points of a system in involution 
form with the fod a harmonic range. 

The two ranges formed bj any four points and their 
conjugates are equal^ and either focus is, by definition, its 
own conjugate. Hence, if A^ A be conjugate points and 

F. F the foci, 

[AFAF] = {AFAF]y 

which proves the proposition. [§ 7, 182. 

XYI. The anharmonic ratio of the pencil formed by 
joining four fixed points on a circle to a variable point on 
the curve is constant, for its angles are constant since they 
stand upon fixed arcs. 

XVII. Props. III., IV., VIII. — X., Chapter ii. are the 
geometrical equivalents of the following analytical results: 

(i) Polar equation of a conic. 

Let e denote the eccentricity and the angle PSX, [fig., p. 12. 

Then PK ^ SP - SO cob(t - 0) 

^SP^e. SP CO80. [Prop, ix., p. 12. 

Let PJr=i and SP^^r. 

Therefore / = r + e . r cos ^, 

or - = 1 + e cos^. 

r 

(il) Polar equation of the tangent to a conic. 

Let L TSX = ^ and Z PSX = a. [fig., p. 7. 

Then SX:=TNi^ST cos 0. 

Therefore e.SX^ SL ^ e.STcQ^O [Prop, in., p. 7, 

a STQOB{a - 0) 4 9.STtO%0. 
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or - e • oot^ •!■ cot(a - Oy 

From aoj point T' on Qit (%., ». 1%) 4nm TN pcnRpcscUedar to the 
dvcetriz, and I*X pazaUei to E$ or peip^diciilar to l$Tf> L?iB9p.Yni.y p.l 1 . 

Let LTSX^Bi /LTJSPwfii lTSX^^, 

Th^n, if i$Tf TL intenect in O^ 

iSZ; cos/3 s iS'O = iST*' co8(« - $). 

Also i^X-i^T'cot^ + T'jr. 

Therefpxe «.i9X « 0.5r' coe^ 4 £X £Prop.' iv., p. .8, 

• t.^T' co8^ + 51" 8ec/9 co«(a - 0). 

Bnt fi.SX^l Hence, if i^r' = r, . 

/ « #.r co»^ + r aec/S cp8(a - ^), 

Therefime -s^costf 4iec^eos(a-^. 
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